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The potential Ф is the solution of the Laplace equation

∂2Ф /∂ x2 + ∂2Ф /∂ y2 + ∂2Ф /∂ z2 = 0      in V          (1)

with prescribed boundary conditions 

 Ф(S)= f     in S      .
The Rayleigh –Ritz seeks a trial potential ψ that minimizes the integral
                     I = ∫ / grad ψ / 2 d V                            .       (2)

The function ψ is required satisfy the boundary conditions ,

i.e  ψ (S) = f     in S.

Eq (2) comes from the fact that

∫  grad (Ф -ψ ) ∙ grad (Ф -ψ )  d V   ≥ 0                        (3)

which leads to 

∫ / grad ψ / 2  dV  ≥  ∫ { 2 (grad ψ ) ∙ (grad Ф) – (grad Ф)2 } dV .
If  ψ→ Ф  ,

               ∫ / grad ψ / 2  dV   ≥  ∫ (grad Ф)2  dV ≥ 0
A solution is sought un terms of a finite  basis set   ν0 , ν1 … νn such that
                 ψ = ν0 (x,y,z)    + a1 ν1 … + a nνn(x,y,z)      (4)  
ψ must satsfy the BC.  One possible choice  is to let    ν0 = f  in S   and all others ν i = 0 in S. Then ψ (S) = ν0 ( S) = f  .    
The integral (2) becomes a functional of the coefficients a1 ,a2 …an .
                     I (a1 ,a2 …an ) = ∫ / grad ψ / 2 d V                . (5)

To minimize it take n partial derivatives and establish a system of n linear equations.     

           ∂ I / ∂ ai = 0      , i = 1,2…..n                                  .   (6)    

For example let’s start with the most simple expansion 

ψ = ν0     +  a1 ν1 , then , grad ψ  = grad ν0 +  a1 grad ν1 
I(a1)  = ∫{ (grad ν0)2 + 2 a1 (grad ν0)∙ (grad ν1) + (a1)2 (grad ν1)2} d V .   (7)   
∂ I/∂ a1=  ∫{  2  (grad ν0)∙ (grad ν1) + 2(a1) (grad ν1)2}  dV    = 0.     (8)
from which we get 

a1 = -   ∫ { (grad ν0)∙ (grad ν1) } dV/  ∫  (grad ν1)2  dV                .     (9)
 For m elements in the basis set  eq (5) is

I= ∫ { (grad ν0)2 + 2∑ am grad ν0 ∙ grad νm + 
2 ∑n ≠ m an grad νn ∙ am grad νm  +   ∑ (am grad νm)2  } dV     (10)
Taking the derivative with respect to ai and equating to zero gives  

∫ {grad ν0 ∙ grad νi + ∑m ≠ i grad νi ∙ am grad νm 
     + ai ( grad νi)2 } dV  =0                                                             . (11)
If ψ = ν0     +  a1 ν1 + a2 ν2  the system of equations would be 

  a1 ∫ (grad ν1)2  dV   + a2 ∫ grad ν1 ∙ grad ν2 dV    = - ∫ grad ν0 ∙ grad ν1 dV
  a1 ∫ (grad ν2) ∙ grad ν1 dV  + a2 ∫ (grad ν2)2 dV    = - ∫ grad ν0 ∙ grad ν2 dV

                                                                                                       .  (12)
Example . (From ref. 1 )
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Fig 1. Specification of the boundary condition on Ф.
Find an approximate solution to Laplace equation in two dimensions
∂2Ф /∂ x2 + ∂2Ф /∂ y2 = 0  , with the specified BC shown in figure 1.     
 Our procedure is the same as outlined before except that the integrals are over two dimensions. We have in formulas  9-12  , dxdy  instead of dV.
Let         ν0 = x (x-2y-1) it incorporates all the boundary conditions.

For ν1 , ν2  … νn  we can select  any function of the form

           νi  = f i (x,y)  ν0  ( fi ≠ constant)    andit satisfies the BC.

In ref 1    they set ,       ν1 = y  ν0 = y x (x-2y-1) . 
 One obtains by numerical integration that   ( see FORTRAN code)

· ∫ grad ν0 ∙ grad ν1 dV  =  -  0.130E+00
and that    ∫ (grad ν1)2  dV  = 0.221  thus

             a 1 = -.133/.221= -.588 .

The exact value is a 1 = -.6     The approximate expression for the potential is 

ψ(x,y) =  x (x-2y-1) - .6 y x (x-2y-1)                .   (13)

A better approximation is made introducing a second function
ν2(x,y) = y2 ν0 (x,y)                                                  .    (15)
Now 

                       ψ(x,y) = ν0 + a1 ν1 + a2 ν2                  (16) 

producing  the set of equations

    .221a1      +  6.94 E-2 a2   =  -.131

6.94E-2 a1    + 3.46E-2  a2   =  - 4.35e-2
We find

a1 = -5.3483E-1 ≈ -(7/13)  (textbook answer)

a2 = -1.8447E-1 ≈ -28/143 (textbook answer)
We write (16) as
ψ(x,y) = ( 1 –(7/13) y –(28/143) y2 ) { x (x-2y-1) }    . (17)
Matlab code
% linear system see Palm III page 327

a=[.221, 6.94e-2; 6.94e-2,3.46e-2 ] ; b=[-.131; -4.35e-2];

a\b

 %  gama0i=   -0.131E+00   -0.435E-01

%gij:

 % 0.221E+00  0.694E-01

 % 0.694E-01  0.346E-01

ans = a1 , a2 =
 -5.3483e-001

 -1.8447e-001

FORTRAN code
c example of Rayleigh -Ritz method H.F. Weinberger Partial Diff.

c Equations (Dover publ.) ,example from page 394

      implicit real*8(a-h,o-z)

      dimension gamaij(4,4) , gama0i(4)

      dimension gradg0(3),gradg1(3),gradg2(3),gradg3(3)

      data xi,xf,yi,yf,nstep/0.d0,2.d0,0.d0,1.d0,500/

      data nbasis,epsi/1 ,1.d-5/

      g0(x,y)= x*(2.d0-x-2.d0*y)

      g1(x,y)= y*g0(x,y)

      g2(x,y)=x*g0(x,y)

      phi(x,y)=g0(x,y)+a1*g1(x,y)

      dx=(xf-xi)/dfloat(nstep)

      dy=(yf-yi)/dfloat(nstep)

      do 30 ibasis=1,1

      sum0i=0.d0

      do 30 jbasis=1,ibasis

      sumij=0.d0

      do 10 ix=1,nstep

      x=xi+dx*dfloat(ix)

      do 20 jy=1,nstep

      y=yi+dy*dfloat(jy)

      xm=x-dx/2.d0

      ym=y-dy/2.d0

      gradg0(1)=(g0(xm+epsi,ym)-g0(xm-epsi,ym))/(2.d0*epsi)

      gradg0(2)=(g0(xm,ym+epsi)-g0(xm,ym-epsi))/(2.d0*epsi)

      gradg1(1)=(g1(xm+epsi,ym)-g1(xm-epsi,ym))/(2.d0*epsi)

      gradg1(2)=(g1(xm,ym+epsi)-g1(xm,ym-epsi))/(2.d0*epsi)

      if(ym.le.(-x/2.d0+1.d0))then

      if(jbasis.eq.ibasis)sum0i=sum0i+dx*dy*(gradg0(1)*gradg1(1)+

     $ gradg0(2)*gradg1(2))

      sumij=sumij+ dx*dy*(gradg1(1)*gradg1(1)+

     $ gradg1(2)*gradg1(2))

      endif

20    continue

10    continue

      gamaij(ibasis,jbasis)=sumij

      if(jbasis.eq.ibasis)gama0i(ibasis)=sum0i

30    continue

      print 100 ,(gama0i(i),i=1,nbasis)

      print*,'   '

      print 110 ,((gamaij(i,j),j=1,nbasis),i=1,nbasis)

      print*,'a1=', -gama0i(1)/gamaij(1,1)

100   format(2x,' gama0i=',4(3x,d10.3))

110   format('gij:',3(/,1x,3(d10.3,1x)))

      stop

      end

FORTRAN code using  two basis set
c example of Rayleigh -Ritz method H.F. Weinberger Partial Diff.

c Equations (Dover publ.) ,example from page 394

      implicit real*8(a-h,o-z)

      dimension gamaij(4,4) , gama0i(4)

      dimension gradg0(3),gradg1(3),gradg2(3),gradg3(3)

      data xi,xf,yi,yf,nstep/0.d0,2.d0,0.d0,1.d0,700/

      data nbasis,epsi/2 ,1.d-5/

      g0(x,y)= x*(2.d0-x-2.d0*y)

      g1(x,y)= y*g0(x,y)

c      g1(x,y)= x*g0(x,y)

      g2(x,y)=y**2*g0(x,y)

      phi(x,y)=g0(x,y)+a1*g1(x,y)

      dx=(xf-xi)/dfloat(nstep)

      dy=(yf-yi)/dfloat(nstep)

      sum01=0.d0

      sum02=0.d0

      sum11=0.d0

      sum12=0.d0

      sum22=0.d0

      do 10 ix=1,nstep

      x=xi+dx*dfloat(ix)

      do 20 jy=1,nstep

      y=yi+dy*dfloat(jy)

      xm=x-dx/2.d0

      ym=y-dy/2.d0

      gradg0(1)=(g0(xm+epsi,ym)-g0(xm-epsi,ym))/(2.d0*epsi)

      gradg0(2)=(g0(xm,ym+epsi)-g0(xm,ym-epsi))/(2.d0*epsi)

      gradg1(1)=(g1(xm+epsi,ym)-g1(xm-epsi,ym))/(2.d0*epsi)

      gradg1(2)=(g1(xm,ym+epsi)-g1(xm,ym-epsi))/(2.d0*epsi)

      gradg2(1)=(g2(xm+epsi,ym)-g2(xm-epsi,ym))/(2.d0*epsi)

      gradg2(2)=(g2(xm,ym+epsi)-g2(xm,ym-epsi))/(2.d0*epsi)

      if(ym.le.(-x/2.d0+1.d0))then

      sum01=sum01+dx*dy*(gradg0(1)*gradg1(1)+

     $ gradg0(2)*gradg1(2))

      sum02=sum02+dx*dy*(gradg0(1)*gradg2(1)+

     $ gradg0(2)*gradg2(2))

      sum11=sum11+ dx*dy*(gradg1(1)*gradg1(1)+

     $ gradg1(2)*gradg1(2))

      sum12=sum12+ dx*dy*(gradg1(1)*gradg2(1)+

     $ gradg1(2)*gradg2(2))

      sum22=sum22+ dx*dy*(gradg2(1)*gradg2(1)+

     $ gradg2(2)*gradg2(2))

      endif

20    continue

10    continue

      gamaij(1,1)=sum11

      gamaij(1,2)=sum12

      gamaij(2,1)=sum12

      gamaij(2,2)=sum22

      gama0i(1)= -sum01

      gama0i(2)= -sum02

      print 100 ,(gama0i(i),i=1,nbasis)

      print*,'   '

      print 110 ,((gamaij(i,j),j=1,nbasis),i=1,nbasis)

c     print*,'a1=', -gama0i(1)/gamaij(1,1)

100   format(2x,' gama0i=',2(3x,d10.3))

110   format('gij:',2(/,1x,2(d10.3,1x)))

      stop

      end

We test next how close is  del 2 ψ(x,y) to zero for the two approximations obatained.
Let     ψ1(x,y) =  x (x-2y-1) - .6 y x (x-2y-1)     

and 

ψ2(x,y) =  ( 1 –(7/13) y –(28/143) y2 ) { x (x-2y-1) }

The following code calculates del 2 ψ(x,y).

                                        x                 y         del 2 ψ1(x,y)   del 2 ψ2(x,y)
x,y,Lapphi1,laphi2=  0.000E+00  0.000E+00  0.200E-05  0.200E-05

x,y,Lapphi1,laphi2=  0.000E+00  0.200E+00  0.176E-05  0.177E-05

x,y,Lapphi1,laphi2=  0.000E+00  0.400E+00  0.152E-05  0.151E-05

x,y,Lapphi1,laphi2=  0.000E+00  0.600E+00  0.128E-05  0.121E-05

x,y,Lapphi1,laphi2=  0.000E+00  0.800E+00  0.104E-05  0.888E-06

x,y,Lapphi1,laphi2=  0.200E+00  0.000E+00  0.136E-05  0.148E-05

x,y,Lapphi1,laphi2=  0.200E+00  0.200E+00  0.124E-05  0.520E-05

x,y,Lapphi1,laphi2=  0.200E+00  0.400E+00  0.284E-05  0.226E-05

x,y,Lapphi1,laphi2=  0.200E+00  0.600E+00  0.670E-05  0.318E-05

x,y,Lapphi1,laphi2=  0.200E+00  0.800E+00  0.178E-05 -0.487E-06

x,y,Lapphi1,laphi2=  0.400E+00  0.000E+00  0.333E-06 -0.988E-06

x,y,Lapphi1,laphi2=  0.400E+00  0.200E+00  0.286E-05  0.601E-05

x,y,Lapphi1,laphi2=  0.400E+00  0.400E+00 -0.169E-05 -0.829E-06

x,y,Lapphi1,laphi2=  0.400E+00  0.600E+00  0.142E-05  0.430E-05

x,y,Lapphi1,laphi2=  0.600E+00  0.000E+00  0.319E-05  0.333E-05

x,y,Lapphi1,laphi2=  0.600E+00  0.200E+00  0.143E-06  0.810E-05

x,y,Lapphi1,laphi2=  0.600E+00  0.400E+00  0.960E-05  0.645E-05

x,y,Lapphi1,laphi2=  0.600E+00  0.600E+00  0.100E-04 -0.498E-05

x,y,Lapphi1,laphi2=  0.800E+00  0.000E+00  0.605E-05  0.609E-05

x,y,Lapphi1,laphi2=  0.800E+00  0.200E+00  0.429E-05  0.361E-06

x,y,Lapphi1,laphi2=  0.800E+00  0.400E+00 -0.300E-05  0.790E-06

x,y,Lapphi1,laphi2=  0.100E+01  0.000E+00  0.440E-05  0.415E-05

x,y,Lapphi1,laphi2=  0.100E+01  0.200E+00  0.182E-05  0.110E-04

x,y,Lapphi1,laphi2=  0.100E+01  0.400E+00 -0.300E-05  0.378E-05

x,y,Lapphi1,laphi2=  0.120E+01  0.000E+00  0.343E-05  0.306E-05

x,y,Lapphi1,laphi2=  0.120E+01  0.200E+00  0.691E-05  0.507E-05

x,y,Lapphi1,laphi2=  0.140E+01  0.000E+00  0.111E-04  0.119E-04

x,y,Lapphi1,laphi2=  0.140E+01  0.200E+00  0.512E-05  0.522E-05

x,y,Lapphi1,laphi2=  0.160E+01  0.000E+00  0.977E-05  0.147E-04

x,y,Lapphi1,laphi2=  0.180E+01  0.000E+00  0.231E-04  0.186E-04

x,y,Lapphi1,laphi2=  0.200E+01  0.000E+00 -0.325E-04 -0.360E-04

FORTRAN code

c test of laplacian on approximation psi by Rayliegh Ritz method

c ref http://www.geocities.com/serienumerica4/RayleighRitz6dic2008.doc

c PHIRitz(x,y) = ( 1 -(7/13) y -(28/143) y2 ) { x (x-2y-1) }

c potential vanishes at straight line y=-x/2.d0+1.d0 , Phi=0 at (0.,y)

c and  phi(x,0.) = x*(x-1.)

      real lapritz ,lapphi1

      data nx/20/

      data x1,x2,y1,y2/0.,2.,0.,1./

      data epsi/1.e-4/

      equivalence (dx,dy)

      PHIRitz(x,y) = (1.-(7./13.)*y -(28./143.)*y**2)*(x*(x-2.*y-1.))

      phi1(x,y)= x*(x-2.*y-1.) - .6*y*x*(x-2.*y-1.)

      lapritz(u,v)=(phiritz(u+epsi,v)-2.*phiritz(u,v)+phiritz(u-epsi,v))

     $/dx**2+(phiritz(u,v+epsi)-2.*phiritz(u,v)+phiritz(u,v-epsi))/dy**2

      lapphi1(u,v)=(phi1(u+epsi,v)-2.*phi1(u,v)+phi1(u-epsi,v))

     $/dx**2+(phi1(u,v+epsi)-2.*phi1(u,v)+phi1(u,v-epsi))/dy**2

      dx=(x2-x1)/float(nx)

      ny=int((y2-y1)/dx)

      do 10 i=0,nx,2

      do 10 j=0,ny,2

      x=x1+dx*float(i)

      y=y1+dy*float(j)

      dify=y-(-x/2.+1.)

      if(dify.le.0.0)print 140,x,y,lapphi1(x,y),lapRitz(x,y)

10    continue

140   format('x,y,Lapphi1,laphi2=',4(1x,e10.3))

      stop

      end

