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ABSTRACT: Solution of Laplace equation is obtained by finite differences and compared with the analytical solution obtained by separation of variables.

Laplace equation in two dimensions is
                                    ∂2 Φ/∂ x2 + ∂2Ф /∂ y2 = 0 .                                (1)    

Let  Φ be the potential in the square region shown in Fig1. The BC are 
 Φ(x,0)= Φ(0,y)= Φ(L,y)= 0  , Φ(x,L)= V0 .
We divide the grid in 9 squares with ∆x =∆y = L/3. The only unknown are the values of the potentials at Φ5 =Φ(L/3,L/3)  ;  Φ6 = Φ(2L/3,L/3)  ;   Φ9 =  Φ(L/3,2L/3)  ;

  Φ10 =Φ(2L/3, 2L/3)   .
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Fig 1. Square grid with ∆x =∆y = L/3 . The BC are Φ(x,0)= Φ(0,y)=

Φ(L,y)= 0  , Φ(x,L)= V0 .
Employing finite differences the equation yields ( with ∆x =∆y), for the interior values of the potential,
Φ(x,y)= (1/4) {Φ(x+ ∆x,y) + Φ(x- ∆x,y) + 

                                        Φ(x, y + ∆y) + Φ(x,y-∆y) }                        .       (2)
From Fig 1 and the imposed BC ,we have that

 Φ1 = Φ2 =Φ4 =Φ7 =Φ8 =Φ11 =0  ;    Φ13 = Φ14 =V0     .

The set of four linear equations ( in this case)  that results from (2) is ,
4 Φ5 – Φ6  –Φ9  + 0Φ10 =Φ1 +  Φ4 = 0 

-Φ5 + 4 Φ6 +0 Φ9 - Φ10 =Φ2 +  Φ7 = 0                                        (3)
-Φ5 + 0 Φ6 +  4 Φ9 - Φ10 =Φ8 +  Φ13 = V0 

 0Φ5 - Φ6 - Φ9 +4 Φ10 =Φ11 +  Φ14 = V0 
We solved (3) with V0 =100 volts  using SAGE code (see below ). 
SAGE code in http://www.sagenb.org/home/reibaretti/38/
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# The H Matrix  Laplace problem in a square mesh from  Numerical solutions  of Diff Equations  # W. E. Milne p.203

var('phi1,phi2,phi4,phi5,phi6,phi7');

var('phi8,phi9,phi10,phi11,phi13,phi14');

var('b1,b2,b3,b4');

phi1=0;phi2=0;phi3=0;phi4=0;phi7=0;phi8=0;phi11=0;phi13=100;phi14=100;

b1=phi1+phi4; b2=phi2+phi7;b3=phi8+phi13;b4=phi11+phi14;

solve([4*phi5-phi6-phi9+0*phi10==b1,-phi5+4*phi6+0*phi9-phi10==b2,-phi5+0*phi6+4*phi9- phi10==b3,0*phi5-phi6-phi9+4*phi10==b4],phi5,phi6,phi9,phi10)
Answer:

[[phi5 == 25/2, phi6 == 25/2, phi9 == 75/2, phi10 == 75/2]]

i.e. Φ5 = Φ6 = 12.5 volts    ; Φ9 = Φ10= 37.5 volts
The analytical answer is
     Ф(x,y) = (4 V0/π) ∑ n (odd) (1/n) sin (nπx/xf ) sinh (nπ y/xf)/sinh(nπd/xf)   . (4)
Substituting in(4)  xf =L =2meters   and  d =yf =L =2 meters gives 

Ф(2/3,2/3)= Ф(4/3,2/3) =  11.9 v ,

Ф(2/3,4/3)= Ф(4/3,4/3) =  38.1 v .                                                             (5) 

Conclusion:

A very simple grid with a few unknowns Фi can lead to a very close agreement with the analytical result. The values Φ5 ,Φ6 , Φ9 and  Φ10  are in error by 5% or less.

To obtain Ф (x,y) from Φ5 ,Φ6 , Φ9 and  Φ10  one may use a bi linear interpolation formula.

FORTRAN code
c Laplace by the H matrix method

      implicit real*8(a-h,o-z)

      data xi,xf,yi,yf,v0/0.d0,2.d0,0.d0,2.d0,100.d0/

      pi=2.d0*dasin(1.d0)

      dx=2.d0/3.d0

      do 10 i=1,2

      x=dx*dfloat(i)

      do 10 j=1,2

      y=dy*dfloat(j)

      print 100 ,x,y,phitext(x,y,xf,yf,v0,pi)

10    continue

100   format('x,y,Phiexact=',3(3x,d10.3))

      stop

      end

      function phitext(x,y,xf,yf,v0,pi)

      implicit real*8(a-h,o-z)

      sinch(u)=(dexp(u)-dexp(-u))/2.d0

      sum=0.d0

      do 10 n=1,31,2

      argx=dfloat(n)*pi*x/xf

      argy= dfloat(n)*pi*y/yf

      argf= dfloat(n)*pi*yf/xf

      sum=sum+(4.d0*v0/(dfloat(n)*pi))*sinch(argy)*dsin(argx)

     $ /sinch(argf)

10    continue

      phitext=sum

      return

      end

