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Abstract:  Laplace equation in two dimensions is solved by the forward difference method by guessing the   value  ∂Φ(x,0) /∂y.
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The potential Ф is the solution of the Laplace equation

∂2Ф /∂ x2 + ∂2Ф /∂ y2 + ∂2Ф /∂ z2 = 0      in a Volume V          (1)

with prescribed boundary conditions 

 Ф(S)= f     in S  (S is the closed surface)    .
Consider  Laplace equation in two dimensions

                 ∂2Ф /∂ x2 + ∂2Ф /∂ y2 = 0 .                                   (2)

and apply it to the problem in figure 1. If a reasonable expression of  

∂Φ(x,0) /∂y =g(x) can be found , the equation can be integrated by the forward difference method very much like it can be done with the wave equation, see e.g. ref 4.
In numerical  practice Φ(x,y) is a two dimensional array.

The first row Φ(x ,y=0 ) is one of the given boundary conditions.

The second row  Φ(x ,y=∆y ) would be
 Φ(x ,y=∆y ) = Φ(x ,y=0 )  +  ∆y (∂Φ(x,0) /∂y)

                     = Φ(x ,y=0 )  +  ∆y g(x)                           .              (3)
A possible choice of g(x) will be given after examining the exact answer.
 Consider the potential inside a rectangular trough along the Z axis (see figure 1.)
[image: image1.png](0.d,0)

+7




Fig 1. Rectangular trough.
The potential is a function of x and z.

Ф = Ф(x,y) .
The analytic solution applies the method of separation of variables.

Ф = X (x) Y(y)                   (4)

∂2Ф /∂ x2 + ∂2Ф /∂ y2  = 0 , leads to 

d2 X/dx2 = - d2 Y/dy2 = -a2                                                  .  (5)

The solutions will be of the form  

Ф(x,y)=(B1cos(ax) + B2sin(ax) ) ( A1cosh(ay) + A2 sinh(ay) )   . (6)
The values of the coefficients Ai , Bi ant the constants a2 are found applying 

the BC.  

Ф(0,y)=0 implies  that B1=0 . 

Ф(c,y)=0 implies  that sin ( ac) =0  ;  a n  = nπ /c  . 

Ф(x,0)=0 = B2sin(ax) *A1cosh(0)  , implies A1 =0.

The solution is obtained from the superposition

Ф(x,y) =  ∑ n Dn sin (an x) sinh (an y)    .

The coefficients Dn are obateined from the BC at y = d , where 

    Ф(x,d) = V0 = ∑ n Dn sin (an x) sinh (an d)   .    

multiplying by each sin (an x) and integrating leads to 

Dn = ∫V0 sin (an x) dx / {sinh (an d)  ∫  sin2 (an x) dx }  ,     0 ≤ x ≤ c .
The final answer is

    Ф(x,y) = (4 V0/π) ∑ n (1/n) sin (an x) sinh (an y)/sinh(nπd/c)    (7 )
Of course we “don’t know” about the full answer (15). However it is evident that the boundary conditions select functions of the form  sin( nπ x/c).
So a choice of g(x) could be just sin(π x/c) , i.e. 
                       g(x) = A sin(π x/c) ~volts/m                 .                   (8)  
The constant A has to be adjusted so that the integration yields 

                        Φ(x , y= d) ≈ V0    .
The second row ( eq (3) ) is now ,  
      Φ(x ,y=∆y ) = Φ(x ,y=0 )  +  ∆y A sin(nπ x/c)                .         (9)
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Fig 2.  Mesh points of the grid for the wave equation. The value u(i,j+1) is calculated using u(i-1,j) , u(i,j), u(i+1,j) and  u(i,j-1) .

The forward difference method gives ,

u(x,y) = 2*u(x,y-∆y) –u(x,y-2∆y)                                          

      - (∆y)2 {  [u(x+∆x,y-∆t)-2u(x,y-∆y) +u(x-∆x, ,y-∆y)] /(∆x)2 }. (10)
A word about the intervals ∆x , ∆x. It is convenient to have 
∆y << ∆x .  

However no matter how small we choose ∆x the second derivative  

∂2Ф /∂ x2 → 0 as y goes to d.  
This means that there will be numerical round off errors in ∂2Ф /∂ x2 near the top of the trough. This is not a fatal flaw since near the top  one knows that  the potential levels at V= V0 , no calculation is needed.
Example : Data V0 =100 volts , c=d =2 meters.

∆x=2/6      ,       ∆y=.1*∆x       .
Figure 3  was obtained adjusting   A  such that Φ(x-1 ,y=2)=100.

It turns out that

                     A =.140d0*V0 = 14.0 volts/meter           . (11)
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Fig 3. The value of A is found to be 14.0 volts/meter. 
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Fig 4. Comparison of potentials for y=1.5 m.
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Fig 5. Comparison of potentials for y=0.5 m.

Conclusion:  The obtention of approximate solutions to Laplace equation are feasible by the forward difference method. One has to surmise an expression for (∂Φ(x,0) /∂y)=g(x) .  The choice of a particular function is suggested by the method of variable separation.
