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The following problem is an adaptation of a problem taken in ref 1. which was worked also in ref 2.
Solve     

                  ∆2 Ф = F(x,y,z)                                  (1)

for    0  < x < L ,    0  < y < L ,  0  < z < L ,
with boundary conditions 

 Ф(0,y,z)= V1  , Ф(L,y,z)= V2 , Ф(x,0,z)= V3 , Ф(x,L,z)= V4 ,

 Ф(x,y,0)= V5 , Ф(x,yL)=V6 .
                                                                                                               (2)
Eq(1) is written in terms finite differences and the mid point  Ф(x,y,z)  is expressed in terms of the values at the six nearest points.
To solve  (1)  by iterations  a new potential, Фnew , is defined by the old potential , Ф,   as
Фnew(x,y,z)  = (1/6) { Ф(x+∆x,y,z) + Ф(x-∆x,y,z) +

 Ф (x, y+∆y ,z) +    Ф( x, y-∆y ,z) +   Ф(x, y ,z+∆z) + Ф (x, y ,z-∆z) }

 + (∆x)2 F(x,y,z)/6                                                                 (3)
where  ∆x=∆y=∆z .
For the inital potential we take for all x,y,z the approximation
      Ф(x,y,z) =   (V1  + V2 + V3  + V4 + V5  + V6 ) /6  

                        + (∆x)2 F(L/2 ,L/2,L/2 )/6                              . (4)                                                                       
Results: With ∆x = π/10  and 50 iterations. 
  x,y,z,phi,u=   0.314E+00   0.314E+00   0.314E+00   0.107E+00   0.170E+00

  x,y,z,phi,u=   0.314E+00   0.314E+00   0.157E+01   0.171E+01   0.187E+01

  x,y,z,phi,u=   0.314E+00   0.314E+00   0.283E+01   0.331E+02   0.331E+02

  x,y,z,phi,u=   0.314E+00   0.157E+01   0.314E+00   0.335E+00   0.544E+00

  x,y,z,phi,u=   0.314E+00   0.157E+01   0.157E+01   0.483E+01   0.555E+01

  x,y,z,phi,u=   0.314E+00   0.157E+01   0.283E+01   0.472E+02   0.476E+02

  x,y,z,phi,u=   0.314E+00   0.283E+01   0.314E+00   0.107E+00   0.170E+00

  x,y,z,phi,u=   0.314E+00   0.283E+01   0.157E+01   0.171E+01   0.187E+01

  x,y,z,phi,u=   0.314E+00   0.283E+01   0.283E+01   0.331E+02   0.331E+02

  x,y,z,phi,u=   0.157E+01   0.314E+00   0.314E+00   0.335E+00   0.544E+00

  x,y,z,phi,u=   0.157E+01   0.314E+00   0.157E+01   0.483E+01   0.555E+01

  x,y,z,phi,u=   0.157E+01   0.314E+00   0.283E+01   0.472E+02   0.476E+02

  x,y,z,phi,u=   0.157E+01   0.157E+01   0.314E+00   0.105E+01   0.174E+01

  x,y,z,phi,u=   0.157E+01   0.157E+01   0.157E+01   0.139E+02   0.167E+02

  x,y,z,phi,u=   0.157E+01   0.157E+01   0.283E+01   0.746E+02   0.760E+02

  x,y,z,phi,u=   0.157E+01   0.283E+01   0.314E+00   0.335E+00   0.544E+00

  x,y,z,phi,u=   0.157E+01   0.283E+01   0.157E+01   0.483E+01   0.555E+01

  x,y,z,phi,u=   0.157E+01   0.283E+01   0.283E+01   0.472E+02   0.476E+02

  x,y,z,phi,u=   0.283E+01   0.314E+00   0.314E+00   0.107E+00   0.170E+00

  x,y,z,phi,u=   0.283E+01   0.314E+00   0.157E+01   0.171E+01   0.187E+01

  x,y,z,phi,u=   0.283E+01   0.314E+00   0.283E+01   0.331E+02   0.331E+02

  x,y,z,phi,u=   0.283E+01   0.157E+01   0.314E+00   0.335E+00   0.544E+00

  x,y,z,phi,u=   0.283E+01   0.157E+01   0.157E+01   0.483E+01   0.555E+01

  x,y,z,phi,u=   0.283E+01   0.157E+01   0.283E+01   0.472E+02   0.476E+02

  x,y,z,phi,u=   0.283E+01   0.283E+01   0.314E+00   0.107E+00   0.170E+00

  x,y,z,phi,u=   0.283E+01   0.283E+01   0.157E+01   0.171E+01   0.187E+01

  x,y,z,phi,u=   0.283E+01   0.283E+01   0.283E+01   0.331E+02   0.331E+02

FORTRAN code
c LAPLACE POISSON IN THREE DIM (X,Y,Z) Ref First Course In PDE with

c Complex Variables ,H.F. Weinberger, Dover Publications page 155

c Exercise 1 page 158 the density is F(x,y,z)=exp(x)

c poisson Eq. is written here as  del^2 phi = -F(x,y,z)

c in a Cubic box of size pi**3

      equivalence (x1,y1,z1),(dx,dy,dz), (nx,ny,nz)

      dimension phi(0:40,0:40,0:40),phi1(0:40,0:40,0:40)

      data v1,v2,v3,v4,v5,v6/0.,0.,0.,0.,0.,100./

c      F(x,y,z)=exp(x)

      F(x,y,z)=0.

      pi=2.*asin(1.)

c limits of integration     x.le.+Lx   x.ge.-Lx  , same for y and z

      iter=50

      x1=0.

      x2=pi

      nx=10

      dx=(x2-x1)/float(nx)

c     3 dim.  integrations

c fix Phi at the boundaries x=0 ,one plane (i=0,j,k),other plane(nx,j,k)

      do 205 j=0,ny

      do 205 k=0,nz

      phi(0,j,k)=v1

      phi(nx,j,k)= v2

205   continue

c BRY value  at planes y=0 ,y=pi

      do 206 i=0,nx

      do 206 k=0,nz

      phi(i,0,k)=v3

      phi(i,ny,k)=v4

206   continue

c BV at planes z=0 , z=pi

      do 207 i=0,nx

      do 207 j=0,ny

      phi(i,j,0)=v5

      phi(i,j,nz)=v6

207   continue

c initial value assigned to the potential phi(i,j,k)

c (at interior points) phi~ pi**2*F(pi/2.,pi/2.,pi/2.)/6.

      do 30 iz=1,nz-1

      do 30 iy=1,ny-1

      do 30 ix=1,nx-1

      x=x1+dx*float(ix)

      y=y1+dy*float(iy)

      z=z1+dz*float(iz)

c      phi(ix,iy,iz)=pi**2*.5*F(pi/2.,pi/2.,pi/2.)/6.

      phi(ix,iy,iz)=(pi/2.)**2*F(pi/2.,pi/2.,pi/2.)/6.

30    continue

c integration iteration using finite differences

      do 55 it=1,iter

      do 35 iz=1,nz-1

      z=z1+dz*float(iz)

      do 35 iy= 1,ny-1

      y=y1+dy*float(iy)

      do 35 ix=1,nx-1

      x=x1+dx*float(ix)

      sumphi=(1./6.)*( phi(ix+1,iy,iz)+phi(ix-1,iy,iz)+

     $ phi(ix,iy+1,iz)+phi(ix,iy-1,iz)+phi(ix,iy,iz+1)+phi(ix,iy,iz-1))

c      sumphi=sumphi+dx**2*F(x,y,z)/6.

       sumphi=sumphi+dx**2*F(x,y,z)/6.

      phi1(ix,iy,iz)= sumphi

35    continue

c relabel phi and phi1  (exclude boundary values of Phi)

      do 45  i=1,nx-1

      do 45  j=1,ny-1

      do 45  k=1,nz-1

      phi(i,j,k)=phi1(i,j,k)

45    continue

c   55    continue

c  check phi vs u (analytic)

      do 65 i=1,nx,4

      do 65 j=1,ny,4

      do 65 k=1,nz,4

      x=x1+dx*float(i)

      y=y1+dy*float(j)

      z=z1+dz*float(k)

      if(it.eq.iter)print 130,x,y,z,phi(i,j,k) ,u(x,y,z,v6)

65    continue

c      print*,'     '

55    continue

130   format(2x,'x,y,z,phi,u=',5(2x,e10.3))

      stop

      end

c u(x,y,z) is the analytic potential given in J. D. Jackson Clas Electr.

c 1rst edition page 49 chapter 2

      function u(x,y,z,v6)

      sinhyp(u)=(exp(u)-exp(-u))/2.

      pi=2.*asin(1.0)

      a=pi

      b=pi

      c=pi

      sum=0.

      do 10 n=1,20

      do 10 m=1,20

      an=float(n)

      am=float(m)

      alfan=an*pi/a

      betam=am*pi/b

      gamanm=pi*sqrt((an/a)**2 +(am/b)**2)

      anm=(4.*v6/(a*b*sinhyp(gamanm*c)))*(1./alfan-cos(alfan*pi)/alfan)*

     $ (1./betam-cos(betam*pi)/betam)

      sum=sum + anm*sin(alfan*x)*sin(betam*y)*sinhyp(gamanm*z)

10    continue

      u=sum

      return

      end

