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Laplace equation in polar coordinates is 

∆ Ф = (1/r) ∂ (r ∂ Ф /∂r ) +(1/r2)( ∂ 2Ф/ ∂θ2)  =0.

A typical problem is that of circular cross section with a specified  potential at r=R.
Figure 1. shows two semicylndrical conductors with specified boundary conditions.The radius of the cylinder is R .
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Fig 1.Two semicylindrical conductors insulated at the middle ( the plane y=0).
The potential is obtained in ref 1  from the series

     Ф(r, θ ) = a0 +∑n=1 ( an cos(n θ ) + bn cos(n θ) )           .     (1)

After applying the boundary conditions, the coefficients are found to be

 an = ( 1/(π Rn)) ∫ Ф(R, θ)  cos (nθ) d θ ,    0  ≤ θ  ≤ 2 π  ,

     = 0                                                                                      (2)

bn = ( 1/(π Rn)) ∫ Ф(R, θ)  sin (nθ) d θ ,    0  ≤ θ  ≤ 2 π  ,
= {4V0/(n π Rn)}   for  n odd ,                                               (3)

 =0  for even n   .
The solution is 
     Ф(r, θ ) = (4V0/π) ∑n=1 ( 1/(2n+1)) (r/R)2n+1 sin ((2n+1) θ) . (4)

where  r = (x2 + y2)1/2  ,  θ = arc sin(y/r) .

We solve the problem in Cartesian coordinates by iteration of the approximation (see FORTRAN code below)
Ф(x, y ) =(1/4) {Ф(x +∆x, y ) + Ф(x -∆x, y )

                                            + Ф(x , y+∆y )+ Ф(x , y-∆y )} ,      (5)

with   ∆x=∆y .

The following RUN shows the values Ф(x, y ) ( for y≥0) ,obtained from iterations of (5) vs the analytical value    Ф(r, θ ). From the symmetry about the X axis  we have for the lower half plane  Ф(x, -y ) = - Ф(x, y ) .  
The advantage of the numerical method is that we can incorporate any  arbitrtary boundary condition  Ф(R, θ ) , without changing the procedure .

The analytical answer (5) is of course limited to  the specific case posed.

R=1  , ∆x=∆y = .2  
number of iterations =5 ,
                                     x                    y                 eq.(5)             eq(4)
x,y,Phi(num),phi=   -0.100E+01    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=   -0.800E+00    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=   -0.600E+00    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=   -0.400E+00    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=   -0.200E+00    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=    0.149E-07    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=    0.200E+00    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=    0.400E+00    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=    0.600E+00    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=    0.800E+00    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=    0.100E+01    0.000E+00    0.000E+00    0.000E+00

 x,y,Phi(num),phi=   -0.800E+00    0.200E+00    0.551E+02    0.571E+02

 x,y,Phi(num),phi=   -0.600E+00    0.200E+00    0.384E+02    0.374E+02

 x,y,Phi(num),phi=   -0.400E+00    0.200E+00    0.304E+02    0.295E+02

 x,y,Phi(num),phi=   -0.200E+00    0.200E+00    0.263E+02    0.261E+02

 x,y,Phi(num),phi=    0.149E-07    0.200E+00    0.250E+02    0.251E+02

 x,y,Phi(num),phi=    0.200E+00    0.200E+00    0.263E+02    0.261E+02

 x,y,Phi(num),phi=    0.400E+00    0.200E+00    0.304E+02    0.295E+02

 x,y,Phi(num),phi=    0.600E+00    0.200E+00    0.384E+02    0.374E+02

 x,y,Phi(num),phi=    0.800E+00    0.200E+00    0.551E+02    0.571E+02

 x,y,Phi(num),phi=   -0.800E+00    0.400E+00    0.807E+02    0.849E+02

 x,y,Phi(num),phi=   -0.600E+00    0.400E+00    0.656E+02    0.656E+02

 x,y,Phi(num),phi=   -0.400E+00    0.400E+00    0.555E+02    0.552E+02

 x,y,Phi(num),phi=   -0.200E+00    0.400E+00    0.494E+02    0.500E+02

 x,y,Phi(num),phi=    0.149E-07    0.400E+00    0.473E+02    0.484E+02

 x,y,Phi(num),phi=    0.200E+00    0.400E+00    0.494E+02    0.500E+02

 x,y,Phi(num),phi=    0.400E+00    0.400E+00    0.555E+02    0.552E+02

 x,y,Phi(num),phi=    0.600E+00    0.400E+00    0.656E+02    0.656E+02

 x,y,Phi(num),phi=    0.800E+00    0.400E+00    0.807E+02    0.849E+02

 x,y,Phi(num),phi=   -0.800E+00    0.600E+00    0.100E+03    0.998E+02

 x,y,Phi(num),phi=   -0.600E+00    0.600E+00    0.854E+02    0.854E+02

 x,y,Phi(num),phi=   -0.400E+00    0.600E+00    0.750E+02    0.758E+02

 x,y,Phi(num),phi=   -0.200E+00    0.600E+00    0.688E+02    0.705E+02

 x,y,Phi(num),phi=    0.149E-07    0.600E+00    0.668E+02    0.688E+02

 x,y,Phi(num),phi=    0.200E+00    0.600E+00    0.688E+02    0.705E+02

 x,y,Phi(num),phi=    0.400E+00    0.600E+00    0.750E+02    0.758E+02

 x,y,Phi(num),phi=    0.600E+00    0.600E+00    0.854E+02    0.854E+02

 x,y,Phi(num),phi=    0.800E+00    0.600E+00    0.100E+03    0.998E+02

 x,y,Phi(num),phi=   -0.600E+00    0.800E+00    0.100E+03    0.998E+02

 x,y,Phi(num),phi=   -0.400E+00    0.800E+00    0.900E+02    0.919E+02

 x,y,Phi(num),phi=   -0.200E+00    0.800E+00    0.854E+02    0.875E+02

 x,y,Phi(num),phi=    0.149E-07    0.800E+00    0.839E+02    0.859E+02

 x,y,Phi(num),phi=    0.200E+00    0.800E+00    0.854E+02    0.875E+02

 x,y,Phi(num),phi=    0.400E+00    0.800E+00    0.900E+02    0.919E+02

 x,y,Phi(num),phi=    0.600E+00    0.800E+00    0.100E+03    0.998E+02

 x,y,Phi(num),phi=    0.149E-07    0.100E+01    0.100E+03    0.103E+03
FORTRAN code

c Solution of semicircle potential by iteration

c obtained from FORCE code named  laplaceiterationsept2006

      dimension   unew(0:30,0:30)  , uold(0:30,0:30)

      data rc,vzero,tol/1.,100.,1.e-3/

      data nx,niter/10,5/

      pi=2.*asin(1.)

c average eradial

      ny=int(float(nx)/2.)

      x0=-rc

      y0=0.

      dx=(2.*rc)/float(nx)

      dy=dx

c bry fixes boundary conditions and initial values of phi

      call  bry(nx,ny,x0,y0,dx,dy,rc,er,vzero,uold)

c  niter = number of  iterations

      do 30 it=1,niter

      do 10 j=1,ny

      y= y0+dy*float(j)

      do 20 i=0,nx

      x= x0+dx*float(i)

      r=sqrt(x**2+y**2)

      if(r.ge.rc)then

      unew(i,j)=vzero

      goto 20

      endif

      unew(i,j)= ( uold(i-1,j)+uold(i+1,j)+uold(i,j-1)+uold(i,j+1))/4.

c      print*,'i,j ,unew=',i,j,unew(i,j)

      toliter= abs((unew(i,j)-uold(i,j))/uold(i,j))

c check for tolerance test to end iterations

c      if(toliter.le.tol)then

c      print*,'number of iterations=', it

c      print*,'  '

c      goto 80

c      endif

20    continue

10    continue

c changes unew into uold for next iteration

      do 70 j=1,ny

      y= y0+dy*float(j)

      do 70 i=0,nx

      x= x0+dx*float(i)

      r=sqrt(x**2+y**2)

c      if(r.ge.rc)goto 70

      uold(i,j)=unew(i,j)

c      print*,'decl#39 ,i,j,unew=',i,j,unew(i,j)

70    continue

c next iteration do 30

30    continue

c print part

80    do 90 j=0,ny

      do 90 i=0,nx

      x=x0 + dx*float(i)

      y=y0 + dy*float(j)

      r=sqrt(x**2+y**2)

      theta=asin(y/r)

      if(r.le.rc) then

c      print*,'r,x,y,theta=',r,x,y,theta

c      print*,'  '

      print 100, x,y,uold(i,j), pot(pi,vzero,r,rc,theta)

      endif

90    continue

100   format(1x,'x,y,Phi(num),phi=',4(3x,e10.3))

      stop

      end

      subroutine bry(nx,ny,x0,y0,dx,dy,rc,er,vzero,uold)

      dimension uold(0:30,0:30)

c sets the potential at the X axis  (x, y=0)

      do 10 i=0,nx

      uold(i,0)=0.

10    continue

c   sets bc at all other points using the approximation

      do 20 j=1,ny

      y=y0+dy*float(j)

      do 30 i=0,nx

      x=x0+dx*float(i)

      r=sqrt(x**2+y**2)

      if(r.lt.rc)then

      uold(i,j)=vzero*(r/rc)

      goto 30

      endif

      if(r.ge.rc)then

      uold(i,j)=vzero

      endif

30    continue

20    continue

      return

      end

      function pot(pi,vzero,r,rc,theta)

      real n

      sum=0.

      do 10 i=1,21,2

      n=float(i)

      sum=sum+(4.*vzero/pi)*(1./n)*

     $(r/rc)**(n)*sin(n*theta)

10    continue

      pot=sum

      return

      end

