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Solve ( see references 1 and 10) ,the inhomogeneous heat equation 
 ∂u /∂t = k ∂2 u /∂x2 + cos(2x) u +sin(3x)   ,      0 < x < π   , t  > 0      (1)

u(0,t)=u(π,t) =0     , u(x,0)=0   with k= 1 m2 /s .

Let us write eq (1) as
∂u /∂t = k ∂2 u /∂x2 + f(x,t)                                                            (2)

where  f(x,t)  = cos(2x) u(x,t) + sin(3x)     .

Imagine a two dimensional grid with X horizontal and T vertically

The row j+1 at time (j+1)∆t  is obtained from the previous row j at time j∆t .

The first row at t=0 corresponds to u(x,0).

u (x,t+∆t) = u(x,t) + { k (∆t)/ (∆x)2 } (u(x+∆x,t) – 2u(x,t) +u(x-∆x,t) }

                  + (∆t)* f( x,t)                                                                 .  (3)
The factor   2 k (∆t)/ (∆x)2  , is a key to convergence and  must satisfy  the condition

                       2 k (∆t)/ (∆x)2  <  1    .

A solution by a the method  successive approximations  is obtained

 in ref. 1 ,
uapprox = [ 1/18-(1/16)exp(-t) +(1/144)exp(-9t) ] sin(x)

             +(1/9)[1-exp(-9t)]sin(3x)

            +[1/450 –(1/288)exp(-9t) +(1/800)exp(-25t) ] sin(5x) .   (4)

We develop an algorithm in a FORTRAN code ( see below ) and plot 

a comparison with the approximation (4).
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Fig 1. Comparison of finite difference solution with u ,from reference 1.
FORTRAN code
c Inhomogeneous  heat eq solution by forward difference

c k*dt/(dx**2) < 1/2  H. F. Weinberger  page 391 prob 2

      real k

c temp(x,t) is a one  dim array the array is for x values

      dimension Temp(0:200) ,Tempnew(0:200)

      data k,xi,xf ,tf,nstep /1., 0., 3.1415926, 1.,100/

c u(x) is given in Weinberger

      u(x,t)=( 1./18.-(1./16.)*exp(-t) +(1./144.)*exp(-9.*t))*sin(x)

     $+(1./9.)*(1.-exp(-9.*t))*sin(3.*x)

     $+(1./450. -(1./288.)*exp(-9.*t)+(1./800.)*exp(-25.*t) )*sin(5.*x)

      f(x,i)=cos(2.*x)*temp(i) + sin(3.*x)

c initial value of temp

      dx=(xf-xi)/float(nstep)

      dt= .8*(.5*dx**2/k)

      nt=int(tf/dt)

      print*,'tf=',tf

      print*,'k,dt,dx,nt,nstep =' ,k,dt,dx,nt,nstep

      print*,'  '

      do 30 i=0,nstep

      x=xi+dx*float(i)

      temp(i)=0.

30    continue

c do 10 is the time loop

      do 10 j=1,nt

      t=dt*float(j)

      do 20 i=1,nstep-1

      x=xi+dx*float(i)

      tempnew(i)=temp(i)+(k*dt/dx**2)*(temp(i+1)

     $ -2.*temp(i)+temp(i-1) ) + dt*f(x,i)

20    continue

      tempnew(0)=0.

      tempnew(nstep)=0.

c changes new and old

      do 50 i2=0,nstep

      temp(i2)=tempnew(i2)

50    continue

10    continue

      do 40 i=0,nstep,5

      x=xi+dx*float(i)

      print 100, t,x,tempnew(i),u(x,t)

40    continue

100   format(1x,'t,x,temp,u=',4(3x,e10.3))

      stop

      end

