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1. Calculus and Analytic Geometry with Supplementary Problems by Jr. George B. Thomas
Evaluate the improper integral

I =   ∫ dx/{ (x2 +1)(1-x2)1/2 }                         -1   ≤   x ≤ 1             .    (1)
Define a the proper integral 

                     J(a) = ∫ (a-x2)1/2 dx/(x2 +1)       -1   ≤   x ≤ 1    , a≥ 1  . (2) 
                then              I = 2 (dJ(a)/da)a=1       .                              (3)
We integrate (2) to obtain    J(a+ε)  and  J(a+2ε)  . An approximation to the derivative  (3) is  

                                        I ≈ { J(a+2ε) - J(a+ε) }/ε                      (4)
The exact result obtained by the method of residues is  π/21/2 .
Results :
The FORTRAN code given below used double precision arithmetic. The Simpson rule was used in the integration.

The ε parameter is 1E-5 and the number of steps , nstep=18,000.

The result is,

  I =2.22105296   , π/21/2 = 2.22144147.

RUN

deriv, pi/sqrt(pi)=  2.22105296  2.22144147

FORTRAN code

c Duffy prob 4 page 46

      implicit real*8(a-h,o-z)

      data a0,epsi,nstep/1.d0,1.d-5,18000/

      data xi,xf/-1.d0,1.d0/

      dimension sumit(20)

      f(x)=2.d0*sqrt(a-x**2)/(x**2+1.d0)

      pi=2.d0*dasin(1.d0)

      dx=(xf-xi)/dfloat(nstep)

      do 10 iter=1,2

      a=a0+dfloat(iter)*epsi

      sum=0.d0

      do 20 i=1,nstep,2

      x=xi+dx*dfloat(i)

      sum=sum+(dx/3.d0)*(f(x-dx)+4.d0*f(x)+f(x+dx))

20    continue

      sumit(iter)=sum

10    continue

      deriv=(sumit(2)-sumit(1))/epsi

      print*,'deriv, pi/sqrt(pi)=',deriv, pi/dsqrt(2.d0)

      stop

      end

