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In ref 3. the non-homogeneous PDE 

∂ u/ ∂t = K ∂2 u/ ∂x2  +1      ,  0 ≤ x ≤ 1 , with the 

boundary conditions u(0,t)=u(1,t)=0 and initial condition u(x,0)=0, is solved by transformation 
methods. The transform of u(x,t) is found  namely U(x,s) where s is the frequency variable . U(x,s) is inverted using the Bromwich integral to obtain,
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The first  term represents the steady state solution and the infinite sum is the transient solution.

In this note we solve the given PDE  numerically assigning the value 

 K =1 m2 /s  . The forward difference method is applied. We compare our numerical solution with the analytic answer (2) finding that it is a good match.
The fundamental approximation is contained in the FORTRAN declaration

tempnew(i)=temp(i)+ dt*( k*(temp(i+1)                                         (3)
$ -2.*temp(i)+temp(i-1))/dx**2 -b**2*temp(i)+d*cos(pi*x/a)**2 ) 
or

u(x,t+∆t) = u(x,t) +(∆t) {   K (u(x+ ∆x,t)-2u(x,t) +u(x-∆x,t )  )/∆x2
                  -b2u(x,t) +d cos(pi x/a)2  }      .                                    (4)
The output shows the numerical answer and the analytical for t=0.1 when the transient is still important.
a) at t=0.1 s the transient solution is important.
tf=  0.100000001
 dt,dx,nt,nstep =  3.9999999E-005  0.00999999978 2500 100

                                    t                     x              numerical      analytical
t,x,temp(x,t),uxt=    0.100E+00    0.000E+00    0.000E+00    0.000E+00

t,x,temp(x,t),uxt=    0.100E+00    0.500E-01    0.162E-01    0.162E-01

t,x,temp(x,t),uxt=    0.100E+00    0.100E+00    0.301E-01    0.301E-01

t,x,temp(x,t),uxt=    0.100E+00    0.150E+00    0.419E-01    0.419E-01

t,x,temp(x,t),uxt=    0.100E+00    0.200E+00    0.517E-01    0.517E-01

t,x,temp(x,t),uxt=    0.100E+00    0.250E+00    0.598E-01    0.598E-01

t,x,temp(x,t),uxt=    0.100E+00    0.300E+00    0.661E-01    0.661E-01

t,x,temp(x,t),uxt=    0.100E+00    0.350E+00    0.709E-01    0.709E-01

t,x,temp(x,t),uxt=    0.100E+00    0.400E+00    0.743E-01    0.743E-01

t,x,temp(x,t),uxt=    0.100E+00    0.450E+00    0.763E-01    0.763E-01

t,x,temp(x,t),uxt=    0.100E+00    0.500E+00    0.769E-01    0.769E-01

t,x,temp(x,t),uxt=    0.100E+00    0.550E+00    0.763E-01    0.763E-01

t,x,temp(x,t),uxt=    0.100E+00    0.600E+00    0.743E-01    0.743E-01

t,x,temp(x,t),uxt=    0.100E+00    0.650E+00    0.709E-01    0.709E-01

t,x,temp(x,t),uxt=    0.100E+00    0.700E+00    0.661E-01    0.661E-01

t,x,temp(x,t),uxt=    0.100E+00    0.750E+00    0.598E-01    0.598E-01

t,x,temp(x,t),uxt=    0.100E+00    0.800E+00    0.517E-01    0.517E-01

t,x,temp(x,t),uxt=    0.100E+00    0.850E+00    0.419E-01    0.419E-01

t,x,temp(x,t),uxt=    0.100E+00    0.900E+00    0.301E-01    0.301E-01

t,x,temp(x,t),uxt=    0.100E+00    0.950E+00    0.162E-01    0.162E-01

t,x,temp(x,t),uxt=    0.100E+00    0.100E+01    0.000E+00    0.420E-08

***
b) at t=1.0 s the steady state has been reached 

and u(x,t) = x*(1-x)/2

tf=  1.

 dt,dx,nt,nstep =  3.9999999E-005  0.00999999978 25000 100
                                      t                     x              numerical      analytical
t,x,temp(x,t),uxt=    0.100E+01    0.000E+00    0.000E+00    0.000E+00

t,x,temp(x,t),uxt=    0.100E+01    0.500E-01    0.237E-01    0.237E-01

t,x,temp(x,t),uxt=    0.100E+01    0.100E+00    0.450E-01    0.450E-01

t,x,temp(x,t),uxt=    0.100E+01    0.150E+00    0.637E-01    0.637E-01

t,x,temp(x,t),uxt=    0.100E+01    0.200E+00    0.800E-01    0.800E-01

t,x,temp(x,t),uxt=    0.100E+01    0.250E+00    0.937E-01    0.937E-01

t,x,temp(x,t),uxt=    0.100E+01    0.300E+00    0.105E+00    0.105E+00

t,x,temp(x,t),uxt=    0.100E+01    0.350E+00    0.114E+00    0.114E+00

t,x,temp(x,t),uxt=    0.100E+01    0.400E+00    0.120E+00    0.120E+00

t,x,temp(x,t),uxt=    0.100E+01    0.450E+00    0.124E+00    0.124E+00

t,x,temp(x,t),uxt=    0.100E+01    0.500E+00    0.125E+00    0.125E+00

t,x,temp(x,t),uxt=    0.100E+01    0.550E+00    0.124E+00    0.124E+00

t,x,temp(x,t),uxt=    0.100E+01    0.600E+00    0.120E+00    0.120E+00

t,x,temp(x,t),uxt=    0.100E+01    0.650E+00    0.114E+00    0.114E+00

t,x,temp(x,t),uxt=    0.100E+01    0.700E+00    0.105E+00    0.105E+00

t,x,temp(x,t),uxt=    0.100E+01    0.750E+00    0.937E-01    0.937E-01

t,x,temp(x,t),uxt=    0.100E+01    0.800E+00    0.800E-01    0.800E-01

t,x,temp(x,t),uxt=    0.100E+01    0.850E+00    0.637E-01    0.637E-01

t,x,temp(x,t),uxt=    0.100E+01    0.900E+00    0.450E-01    0.450E-01

t,x,temp(x,t),uxt=    0.100E+01    0.950E+00    0.237E-01    0.237E-01

t,x,temp(x,t),uxt=    0.100E+01    0.100E+01    0.000E+00    0.583E-12

FORTRAN code
c heat eq solution by forward difference k*dt/(dx**2) < 1/2

c inhomogenous PDE see D. G. Duffy PDE page 87

c    du/dt= K*d^2u/dx^2 +1.

c BC u(0.,t)=u(1.,t)=0. and IC u(x,0)=0.

      real k ,length

c temp(x,t) stands for u(x,t) is a one  dim array the array

c is for x values

      dimension Temp(0:200) ,Tempnew(0:200)

      data tf,nstep / 1.,100/

      data k,length/1.,1./

      uinitial(x)=0.

      pi=2.*asin(1.)

      xi=0.

      xf=length

      tsmall=length**2/k

      tf=.1*tsmall

c initial value of temp

      dx=(xf-xi)/float(nstep)

      dt= .8*(.5*dx**2/k)

      nt=int(tf/dt)

      print*,'tf=',tf

      print*,'dt,dx,nt,nstep =' ,dt,dx,nt,nstep

      print*,'  '

      do 30 i=0,nstep

      x=xi+dx*float(i)

      temp(i)=uinitial(x)

30    continue

c do 10 is the time loop

      do 10 j=1,nt

      t=dt*float(j)

      do 20 i=1,nstep-1

      x=xi+dx*float(i)

      tempnew(i)=temp(i)+ dt*( k*(temp(i+1)

     $ -2.*temp(i)+temp(i-1))/dx**2 +1.)

20    continue

      tempnew(0)=0.

      tempnew(nstep)= 0.

c changes new and old

      do 50 i2=0,nstep

      temp(i2)=tempnew(i2)

50    continue

10    continue

      do 40 i=0,nstep,5

      x=xi+dx*float(i)

      call  trf(pi,x,t,uxt)

      print 100, t,x,tempnew(i),uxt

40    continue

100   format('t,x,temp(x,t),uxt=',4(3x,e10.3))

      stop

      end

      subroutine trf(pi,x,t,uxt)

      real n

      nterms=10

      sum=x*(1.-x)/2.

      do 10 i=1,nterms

      n=float(i)

      theta=(2.*n-1.)*pi*x

      den=(2.*n-1.)**3

      argex=-((2.*n-1.)*pi)**2*t

      sum=sum+(-4./pi**3)*sin(theta)*exp(argex)/den

10    continue

      uxt=sum

      return

      end

