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In ref 3. the non-homogeneous PDE 

∂ u/ ∂t = K ∂2 u/ ∂x2 –b2 u + d  (cos( πx/a) )2     , -a/2 ≤ x ≤ a/2 , with the 

boundary conditions u(-a/2,t)=u(a/2,t)=0 and IC  u(x,0)=0 , is solved by transformation 
methods. The transform of u(x,t) is found  namely U(x,s) where s is the frequency variable . U(x,s) is inverted using the Bromwich integral to obtain,
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The first two terms represent the steady state solution and the infinite sum is the transient solution.

In this note we solve the given PDE  numerically assigning values to the parameters K, a and b . The forward difference method is applied. We compare our numerical solution with the analytic answer (2) finding a good match.
The fundamental approximation is contained in the FORTRAN declaration

tempnew(i)=temp(i)+ dt*( k*(temp(i+1)                                         (3)
$ -2.*temp(i)+temp(i-1))/dx**2 -b**2*temp(i)+d*cos(pi*x/a)**2 ) 
or

u(x,t+∆t) = u(x,t) +(∆t) {   K (u(x+ ∆x,t)-2u(x,t) +u(x-∆x,t )  )/∆x2
                  -b2u(x,t) +d cos(pi x/a)2  }      .                                    (4)
The output shows the numerical answer and the analytical for t=0.1 when the transient is still important.
tf=  0.100000001

 dt,dx,nt,nstep =  3.9999999E-005  0.00999999978 2500 100

                                                                            numerical      analytical
t,x,temp(x,t),uxt=    0.100E+00   -0.500E+00    0.000E+00    0.115E-08

t,x,temp(x,t),uxt=    0.100E+00   -0.450E+00    0.715E-02    0.715E-02

t,x,temp(x,t),uxt=    0.100E+00   -0.400E+00    0.144E-01    0.144E-01

t,x,temp(x,t),uxt=    0.100E+00   -0.350E+00    0.216E-01    0.216E-01

t,x,temp(x,t),uxt=    0.100E+00   -0.300E+00    0.286E-01    0.286E-01

t,x,temp(x,t),uxt=    0.100E+00   -0.250E+00    0.353E-01    0.353E-01

t,x,temp(x,t),uxt=    0.100E+00   -0.200E+00    0.414E-01    0.414E-01

t,x,temp(x,t),uxt=    0.100E+00   -0.150E+00    0.465E-01    0.465E-01

t,x,temp(x,t),uxt=    0.100E+00   -0.100E+00    0.503E-01    0.503E-01

t,x,temp(x,t),uxt=    0.100E+00   -0.500E-01    0.527E-01    0.527E-01

t,x,temp(x,t),uxt=    0.100E+00   -0.112E-07    0.536E-01    0.536E-01

t,x,temp(x,t),uxt=    0.100E+00    0.500E-01    0.527E-01    0.527E-01

t,x,temp(x,t),uxt=    0.100E+00    0.100E+00    0.503E-01    0.503E-01

t,x,temp(x,t),uxt=    0.100E+00    0.150E+00    0.465E-01    0.465E-01

t,x,temp(x,t),uxt=    0.100E+00    0.200E+00    0.414E-01    0.414E-01

t,x,temp(x,t),uxt=    0.100E+00    0.250E+00    0.353E-01    0.353E-01

t,x,temp(x,t),uxt=    0.100E+00    0.300E+00    0.286E-01    0.286E-01

t,x,temp(x,t),uxt=    0.100E+00    0.350E+00    0.216E-01    0.216E-01

t,x,temp(x,t),uxt=    0.100E+00    0.400E+00    0.144E-01    0.144E-01

t,x,temp(x,t),uxt=    0.100E+00    0.450E+00    0.715E-02    0.715E-02

t,x,temp(x,t),uxt=    0.100E+00    0.500E+00    0.000E+00   -0.131E-08
A second run for t=1 s  shows the two results when the transient has  vanished.

tf=  1.

 dt,dx,nt,nstep =  3.9999999E-005  0.00999999978 25000 100

                                                                            numerical      analytical
t,x,temp(x,t),uxt=    0.100E+01   -0.500E+00    0.000E+00    0.659E-13

t,x,temp(x,t),uxt=    0.100E+01   -0.450E+00    0.113E-01    0.113E-01

t,x,temp(x,t),uxt=    0.100E+01   -0.400E+00    0.225E-01    0.225E-01

t,x,temp(x,t),uxt=    0.100E+01   -0.350E+00    0.335E-01    0.335E-01

t,x,temp(x,t),uxt=    0.100E+01   -0.300E+00    0.441E-01    0.441E-01

t,x,temp(x,t),uxt=    0.100E+01   -0.250E+00    0.540E-01    0.540E-01

t,x,temp(x,t),uxt=    0.100E+01   -0.200E+00    0.627E-01    0.627E-01

t,x,temp(x,t),uxt=    0.100E+01   -0.150E+00    0.699E-01    0.699E-01

t,x,temp(x,t),uxt=    0.100E+01   -0.100E+00    0.754E-01    0.754E-01

t,x,temp(x,t),uxt=    0.100E+01   -0.500E-01    0.788E-01    0.788E-01

t,x,temp(x,t),uxt=    0.100E+01   -0.112E-07    0.799E-01    0.799E-01

t,x,temp(x,t),uxt=    0.100E+01    0.500E-01    0.788E-01    0.788E-01

t,x,temp(x,t),uxt=    0.100E+01    0.100E+00    0.754E-01    0.754E-01

t,x,temp(x,t),uxt=    0.100E+01    0.150E+00    0.699E-01    0.699E-01

t,x,temp(x,t),uxt=    0.100E+01    0.200E+00    0.627E-01    0.627E-01

t,x,temp(x,t),uxt=    0.100E+01    0.250E+00    0.540E-01    0.540E-01

t,x,temp(x,t),uxt=    0.100E+01    0.300E+00    0.441E-01    0.441E-01

t,x,temp(x,t),uxt=    0.100E+01    0.350E+00    0.335E-01    0.335E-01

t,x,temp(x,t),uxt=    0.100E+01    0.400E+00    0.225E-01    0.225E-01

t,x,temp(x,t),uxt=    0.100E+01    0.450E+00    0.113E-01    0.113E-01

t,x,temp(x,t),uxt=    0.100E+01    0.500E+00    0.000E+00   -0.729E-13
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Fig 1. Numerical answer by the forward difference method.
FORTRAN code
c heat eq solution by forward difference k*dt/(dx**2) < 1/2

c inhomogenous PDE see D. G. Duffy PDE page 91

c    du/dt= K*d^2u/dx^2 -b^2*u + d*cos(pi*x/a)**2

c BC u(-a/2,t)=u(a/2.,t)=0.

      real k

c temp(x,t) is a one  dim array the array is for x values

      dimension Temp(0:200) ,Tempnew(0:200)

      data tf,nstep / 1.,100/

      data k,a,b,d/1.,1.,1.,1./

      uinitial(x)=0.

      pi=2.*asin(1.)

      xi=-a/2.

      xf=a/2.

      tsmall=amin1(1./b,1./d,a**2/k)

      tf=.1*tsmall

c initial value of temp

      dx=(xf-xi)/float(nstep)

      dt= .8*(.5*dx**2/k)

      nt=int(tf/dt)

      print*,'tf=',tf

      print*,'dt,dx,nt,nstep =' ,dt,dx,nt,nstep

      print*,'  '

      do 30 i=0,nstep

      x=xi+dx*float(i)

      temp(i)=uinitial(x)

30    continue

c do 10 is the time loop

      do 10 j=1,nt

      t=dt*float(j)

      do 20 i=1,nstep-1

      x=xi+dx*float(i)

      tempnew(i)=temp(i)+ dt*( k*(temp(i+1)

     $ -2.*temp(i)+temp(i-1))/dx**2 -b**2*temp(i)+d*cos(pi*x/a)**2 )

20    continue

      tempnew(0)=0.

      tempnew(nstep)= 0.

c changes new and old

      do 50 i2=0,nstep

      temp(i2)=tempnew(i2)

50    continue

10    continue

      do 40 i=0,nstep,5

      x=xi+dx*float(i)

      call  trf(a,b,pi,x,t,uxt)

      print 100, t,x,tempnew(i),uxt

40    continue

100   format('t,x,temp(x,t),uxt=',4(3x,e10.3))

      stop

      end

      subroutine trf(a,b,pi,x,t,uxt)

      real n

      coshyp(u)=(exp(u)+exp(-u))/2.

      nterms=10

      dst1=b**2+4.*pi**2/a**2

      atrig=sin(pi*x/a)**2-coshyp(b*x)/coshyp(a*b/2.)

      steady1=(1./b**2)*(1./dst1)*(b**2+2.*pi**2/a**2)*cos(pi*x/a)**2

      steady2=(1./(a**2*b**2))*(1./dst1)*2.*pi**2*atrig

      steady=steady1+steady2

      sum=0.

c     do 10 calculates the transient part of the solution

      do 10 i=1,nterms

      n=float(i)

      den1=(2.*n-1.)

      den2=a**2*b**2 +(2.*n-1.)**2*pi**2

      den3=(2.*n-1.)**2-4.

      den=den1*den2*den3

      ccos=cos((2.*n-1.)*pi*x/a)

      eexp=exp(-t*(b**2+(2.*n-1.)**2*pi**2/a**2   ) )

      sum=sum+(-8.*a**2/pi)*(-1.**n)*ccos*eexp/den

10    continue

      trans=sum

      uxt=steady + trans

      return

      end

