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ABSTRACT: A derivation given by W. E. Milne is reviewed and a FORTRAN code is written to implement the procedure.

The homogenous heat equation is 

 K ∂2 u(x,t) /∂x2      =   ∂ u(x,t) /∂ t                               ,         (1)

where K ~ length2 /time .
The task at hand is to expand the expression by finite differences using  Taylor series. A relation between ∆x and  ∆t  is found such that the truncation error is  of order  ∆x6 .

To order 6 we have
u(x+∆x,t) = u(x,t) + ∆x ux + (1/2)(∆x)2 u2x +(1/6)(∆x)3 u3x  + (1/24)(∆x)4 u4 x
                  + (1/120)(∆x)5 u5 x  + (1/720)(∆x)6 u6 x                    .   (2) 
u(x-∆x,t) = u(x,t) - ∆x ux + (1/2)(∆x)2 u2x - (1/6)(∆x)3 u3x  + (1/24)(∆x)4 u4 x
                  - (1/120)(∆x)5 u5 x  + (1/720)(∆x)6 u6 x                     .   (3)   

Thus 

u(x+∆x,t) – 2 u(x,t) + u(x-∆x,t) = (∆x)2 u2x + (1/12)(∆x)4 u4 x 

                                                                 +  (1/360)(∆x)6 u6 x      (4)

When expanding in powers of ∆t we take the series to order ∆t3 

  u(x,t+∆t)-u(x,t)  = ∆t ut +(1/2) ∆t2 u2 t  +  (1/6) ∆t3 u3 t          . (5)     
The time derivatives in (4) can be transformed to derivatives with respect to x using  the heat equation .    
One has ,

                         ut = K uxx  ,   u2 t  = K2 u4 x  ,   u3 t = K3 u6 x    .          (6)
Substitution in (5) gives 

u(x,t+∆t)-u(x,t) = ∆t K u2 x  + (1/2) ∆t2 K2 u4 x  +(1/6) ∆t3 K3 u6 x   . (7)

Employing (4) and (7) yields 

 {u(x+∆x,t) – 2 u(x,t) + u(x-∆x,t)} /∆x2 – (u(x,t) )/ ∆t =

  u4 x ( K ∆x2/12 – (1/2) ∆t K2 ) + u6 x (K ∆x4/360 – (1/6) ∆t2 K3 )   .  (8)
The error term proportional to  u4 x drops out if

                            ∆t K /∆x2 = 1/6                                                  .  (9)

Adopting (9) ,  the difference equation ,

u(x,t+∆t) = u(x,t) + ( ∆t K /∆x2 ){u(x+∆x,t) – 2 u(x,t) + u(x-∆x,t)}  

becomes

u(x,t+∆t) = (1/6) {u(x+∆x,t) + 4 u(x,t) + u(x-∆x,t)}  +O( ∆x6)  (10)
Results:
dt,dx,nstep=  0.00166666682  0.100000001 10

 final time=  0.00666666729
                                  t                       x                  unumerical       u(Milne 55.1)
t,x,u(num),utext=    0.667E-02    0.000E+00    0.000E+00    0.000E+00

t,x,u(num),utext=    0.667E-02    0.100E+00    0.317E+00    0.317E+00

t,x,u(num),utext=    0.667E-02    0.200E+00    0.588E+00    0.588E+00

t,x,u(num),utext=    0.667E-02    0.300E+00    0.787E+00    0.787E+00

t,x,u(num),utext=    0.667E-02    0.400E+00    0.907E+00    0.907E+00

t,x,u(num),utext=    0.667E-02    0.500E+00    0.947E+00    0.907E+00

t,x,u(num),utext=    0.667E-02    0.600E+00    0.907E+00    0.907E+00

t,x,u(num),utext=    0.667E-02    0.700E+00    0.787E+00    0.907E+00

t,x,u(num),utext=    0.667E-02    0.800E+00    0.588E+00    0.588E+00

t,x,u(num),utext=    0.667E-02    0.900E+00    0.317E+00    0.317E+00

t,x,u(num),utext=    0.667E-02    0.100E+01    0.000E+00    0.317E+00

FORTRAN code
c      1 dimensional heat equation     K*d^2 u/dx^2 = du/dt

c     solved by forward difference method optimal K*dt/dx**2=1./6.

c see W. E. Milne DE ,page 121

c     exp(-pi**2*t)*sin(pi*x)

      dimension ubot(0:1000),utop(0:1000)

      real L ,K

      data K,L ,xi,xf/1.,1.,0.,1./

      data nstep/10/

      f(x)=4.*x*(L-x)/L**2

      pi=2.*asin(1.)

      tscale=L**2/K

      dx=L/float(nstep)

      dt =(1./6.)*dx**2/K

      tf=4.*dt

      nt=int(tf/dt)

      print*,'dt,dx,nstep=',dt,dx,nstep

      print*,'  '

      ubot(0)=0.

      ubot(nstep)=0.

      utop(0)=0.

      utop(nstep)=0.

c initial conditions

      do 10 i=1,nstep-1

      x=dx*float(i)

      ubot(i)=f(x)

10    continue

      do 30 j=1,nt

      t=dt*float(j)

c do 30  is the loop for  time development/ do 20 the loop for the

c      x development for a   fixed time

      do  20 i=1,nstep-1

      utop(i)=(1./6.)*(ubot(i+1) + 4.*ubot(i)+ubot(i-1) )

20    continue

      do 40 i=1,nstep-1

      ubot(i)=utop(i)

40    continue

30    continue

      print*,'final time=', t

      do 50 i=0,nstep

      x=dx*float(i)

      print 100 ,t,x ,utop(i) ,utext(L,K,dx,dt,x,t)

c      print*,' '

50    continue

100   format('t,x,u(num),utext=',4(3x,e10.3))

      stop

      end

      function utext(L,K,dx,dt,x,t)

      real L ,K

      pi=2.*asin(1.)

      sum=0.

      do 10 i= 0,10

      n=int(t/dt)

      m=int(x/dx)

      factor=(32./pi**3)*(1/(2.*float(i) +1.)**3 )

      argex= (2.*float(i) +1.)**2*pi**2*K/L**2

      argsn= (2.*float(i) +1.)*pi/L

c      argex= (2.*float(i) +1.)**2*pi**2/600.

c      argsn=(2.*float(i) +1.)*pi/10.

      sum=sum +factor*exp(-argex*t)*sin(argsn*x)

10    continue

      utext=sum

      return

      end

