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This example is taken from reference 3.

Invert F(s) to the time domain function f(t).
Given         
 F(s) = (1/(sq(s) ))* cosh( q(s) *x) /sinh (q(s)*L)      (1)
where q(s) = s1/2 /a  .
The poles of F(s) are a second order pole at the origin and simple poles at

zn = -n2 π2 (a/L)2 , see Fig 1.
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Fig 1. Bromwich contour  for the inversion of F(s).
The inversion integral is 

                   f(t) = (1/(2πj)) ∫  exp(zt) F(z) dz         (2)

The analytical answer is (Ref. 3)
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In this note we integrate (2) numerically using the FORTRAN code given below. A frequency scale is defined as
                                       fscale = (a/L)2                                      . (3)

A practical infinity is defined  by L ≡ ymax = 10 fscale .
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Fig 2. Only near t~0  , do we find  a small discrepancy between the two solutions.
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Fig 3.  f(t) numerical  is plotted with f(t) given by formula (2.1.29).
cFORTRAN code see Duffy transform methods problem page 62 example 2.1.5

c in each integral select a proper sigma and define frequency scale

      real L

      complex f ,g,z,dz, rooti ,sum ,z2,sumc,dz2,q ,coshyp ,sinhyp

      data gama,nstep/1.,4000/

      data nt, ti/50 , 0./

      data w ,a,x, L/1.,.5,1.,1./

      q(z)=z**(.5)/a

      coshyp(z)=(exp(q(z)*x)+exp(-q(z)*x))/2.

      sinhyp(z)= (exp(q(z)*L)-exp(-q(z)*L))/2.

      f(z)=(1./(z*q(z)))*coshyp(z)/sinhyp(z)

c      ftime(t)=t*exp(-t)

c      ftime(t)=exp(-a*t)*sin(w*t)

c      ftime(t)=exp(-a*t)

c      f(z) =(1./z)*exp(gama*z**2+z**3/3.)

      g(z)=(1./(2.*pi*rooti))*exp(z*t)*f(z)

      pi=2.0*asin(1.0)

      rooti=cmplx(0.,1.)

      sigma=.5

c fscale has to be defined for each instance

      fscale=a**2/L**2

      ymax=10.*fscale

      dy=2.*ymax/float(nstep)

      dz=rooti*dy

      thetai=atan(ymax/sigma)

      thetaf=2.*pi-thetai

      dtheta=(thetaf-thetai)/float(nstep)

c r ~ radius of semi circle to the LHS

      r=sqrt(sigma**2+ymax**2)

      tf=5./fscale

      deltat=(tf-ti)/float(nt)

c  do 10 is the time loop

      do 10 it=0,nt

      t=ti+deltat*float(it)

      sum=0.

      sumc=0.

      do 20 i=1,nstep,2

c      do 20 i=1,nstep

      y=-ymax+dy*float(i)

      z=sigma+rooti*y

      theta=thetai+dtheta*float(i)

      z2=r*exp(rooti*theta)

      dz2=z2*rooti*dtheta

      sum=sum +(dz/3.)*(g(z+dz)+4.*g(z)+g(z-dz))

      sumc=sumc+(dz2/3.)*(g(z2+dz2)+4.*g(z2)+g(z2-dz2))

20    continue

c      print 100,t ,real(sum)+ real(sumc), sin(2.*pi*t)

      print 110,t, real(sum)+real(sumc),ftime(t,x,a,L,pi)

c      print*,'  '

10    continue

100   format(1x,'t,Total Real, ft=',3(3x,e10.3))

110   format(1x,'t,Real(sum),f(t)=',3(3x,e10.3))

      stop

      end

      function ftime(t,x,a,L,pi)

      real L ,n

      nterms=10

      sum=(a**2/L)*( t+x**2/(2.*a**2)-L**2/(6.*a**2) )

      do 10 i=1,nterms

      n=float(i)

      argcs=n*pi*x/L

      argex= -n**2*pi**2*a**2*t/L**2

      factor=(2.*L/pi**2)*(-1.**n)/n**2

      sum=sum-factor*cos(argcs)*exp(argex)

10    continue

      ftime=sum

      return

      end

