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Part I. 
The closed path integration of the complex function (see Ref .3 , page 46)

                                           f(z)=1/ { z (z2-1)1/2 }                                        (1)

can be used to obtain the value of the improper integral

                    ∫ dx / {1/ ( x (x2-1)1/2)  =  π /2.                                    (2)                                                        
We give first the standard analytical treatment and then a direct numerical approach to the problem using the capabilities of complex FORTRAN, see Ref 1.
The contour used is shown   in figure 1 . There is  simple pole at z=0 and two branch cuts from z= 1 to ∞ and from z=-1 to -∞ .  
We have the  contributions to the integral  Γ1 ,  Γ 2 , Γ3 ,  Γ 4  , Cε (twice) and C ∞   , such that 

∫closed contour f(z) dz =   4 Γ1 +  2Cε  + C ∞   = 2π j Res ( z=0)            .  (3)                         
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Fig .1 Standard contour used to evaluate ∫ f(z) dz .

The limit Cε → 0   as ε  → 0   . The large circle integration C also goes to 
 zero for an infinite radius.

With these results eq (3) reduces to

            4 Γ+ =4∫ dx / {1/ ( x (x2-1)1/2)    =  2π j Res ( z=0)      . (4)
The residue at the simple pole is  (z=0 ) 

                 Res(z=0)=     f(z)*(z) z=0 = {(z2-1)-1/2 }z=0  =1/j              .     (5)

From (4)

                   4∫ dx / {1/ ( x (x2-1)1/2)     =2 π  ,   (6)    

and therefore

                           ∫ dx / { x1/2 (x+1)  =  π /2       .  (7)                                                       

Part II

Numerical treatment.

We have chosen a finite size  radius of integration , R=2 .  The small radius is chosen to be ε =1e-6.
The integration is the done using Simpson’s rule.

We do only two integrals for one  for   1+ε  ≤  x ≤ 2 , the other in the upper semicircle of radius R=2  ,    0  ≤  θ ≤ π.

The total integral is then

                          ∫ f(z) dz = 4 Γ + 2CR                    .    (8)

The results are 

Rs1,Real(cir)=    0.10673E+01    0.99525E+00

Real(total),Total/4.,pi/2.=   0.62598E+01   0.15650E+01   0.15708E+01

In our notation 

Γ   =  .10673E+01        , CR = 0.99525E+00   , 

(4Γ  + 2CR )/4 = 0.15650E+01    ,  while

                                     π/2 = 0.15708E+01
The merits of the numerical method are its flexibilty. Any function f(z) having a branch cut along the real axis but with poles in the interior of the contour path shown can be integrated with the same program. One has only to adjust the size of R such that it encompasses all singularities. Use is made of the fact that the values of  Γ are equal on the upper and on the lower side of the branch.
FORTRAN code
c Duffy transform methods problem page 46 problem 3

c integral of f(z) =1./(z*(z**2-1.)) , branc cuts past 1.0 X axis ,

c  -1.  -X

      complex f ,z, z1,dz1, z2,dz2,zcir,dzcir,rooti ,sum1,sum2,sumcir

      complex sumepsi,z4 , dz4

      data epsi,nstep/1.E-6,8000/

      f(z,theta)=1./(z*sqrt(abs(z**2-1.))*exp(rooti*theta/2.) )

      pi=2.0*asin(1.0)

      rooti=cmplx(0.,1.)

      xi=1.+ epsi

      xmax=2.

      dx=(xmax-xi)/float(nstep)

      dz1=dx

      thetai=0.

      thetaf=pi

      dtheta=(thetaf-thetai)/float(nstep)

      r=xmax

      sum1=0.

c      sum2=0.

      sumcir=0.

c      sumepsi=0.

      do 20 i=1,nstep,2

      z1=xi + dx*float(i)

c      z2=abs(r-dx*float(i))*exp(rooti*thetaf)

c      dz2=-dx*exp(rooti*thetaf)

      theta=thetai+dtheta*float(i)

      zcir=r*exp(rooti*theta)

c      z4=epsi*exp(rooti*(2.*pi-theta))

c      dz4=epsi*(dtheta*rooti)

      dzcir=zcir*rooti*dtheta

      sum1=sum1 +(dz1/3.)*( f(z1+dz1,0.)+4.*f(z1,0.)+f(z1-dz1,0.) )

c      sum2=sum2+(dz2/3.)*(f(z2+dz2,2.*pi)+4.*f(z2,2.*pi)+

c     $ f(z2-dz2,2.*pi))

      sumcir=sumcir +(dzcir/3.)*(f(zcir+dzcir,theta)+4.*f(zcir,theta)+

     $ f(zcir-dzcir,theta))

c      sumepsi=sumepsi+(dz4/3.)*( f(z4+dz4,2.*pi-theta)+

c     $ 4.*f(z4,2.*pi-theta)+f(z4-dz4,2.*pi-theta))

20    continue

      print 100,real(sum1),real(sumcir)

      print 200, 4.*real(sum1) + 2.*real(sumcir),(4.*real(sum1) +

     $ 2.*real(sumcir))/4.,pi/2.

100   format(1x,'Rs1,Real(cir)=',2(3x,e12.5))

200   format('Real(total),Total/4.,pi/2.=',3(2x,e12.5))

      stop

      end

