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The following problem is taken from ref 6.

Solve the non homogeneous heat equation

    ∂ u (x,t) /∂t = (1/R) ∂2 u (x,t) /∂x2  + P (1-exp(-αt) )     ,     (1)

            with    -1 ≤ x ≤ 1   , t ≥ 0        and boundary conditions (BC) 
u(-1,t)=u(1,t)=0 .The initial conditions is u(x,0)=0.

The analytical answer  obtained by transform methods in Ref. 6, is given as  
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 .(2)
                                    .
The original source is in Ref 8.

The dimensions are (if u is temperature)  P~ temperature/time  , α ~ 1/time and 1/R ~ length2 /time.

Let  P = 100 kelvins/second , α =1./second   , R= 1.0 seconds/m2    .

We will solve (1) by the forward difference method. 

The length scale is L= 2 meters.
The time scales are 

t1 = R*L2 = 4. s  , t2 =1 / α =1. 
The forward difference method solution is 

u(x,t+∆t) = u(x,t) +(∆t) {   K (u(x+ ∆x,t)-2u(x,t) +u(x-∆x,t )  )/∆x2
                                                       + P (1-exp(-αt) )  }         .  (3)

There is a constraint on the length and time intervals,
                               k*∆t/(∆x2) <  1/2  
or                           (1/R) *∆t/(∆x2) <  1/2   .

RUN

tf=  0.5

 dt,dx,nt,nstep =  0.000159999996  0.0199999996 3125 100

t,x,temp(x,t),uxt=    0.500E+00   -0.100E+01    0.000E+00   -0.448E-06

t,x,temp(x,t),uxt=    0.500E+00   -0.900E+00    0.197E+01    0.197E+01

t,x,temp(x,t),uxt=    0.500E+00   -0.800E+00    0.361E+01    0.361E+01

t,x,temp(x,t),uxt=    0.500E+00   -0.700E+00    0.494E+01    0.494E+01

t,x,temp(x,t),uxt=    0.500E+00   -0.600E+00    0.602E+01    0.602E+01

t,x,temp(x,t),uxt=    0.500E+00   -0.500E+00    0.688E+01    0.688E+01

t,x,temp(x,t),uxt=    0.500E+00   -0.400E+00    0.754E+01    0.754E+01

t,x,temp(x,t),uxt=    0.500E+00   -0.300E+00    0.803E+01    0.803E+01

t,x,temp(x,t),uxt=    0.500E+00   -0.200E+00    0.837E+01    0.837E+01

t,x,temp(x,t),uxt=    0.500E+00   -0.100E+00    0.857E+01    0.857E+01

t,x,temp(x,t),uxt=    0.500E+00   -0.224E-07    0.863E+01    0.864E+01

t,x,temp(x,t),uxt=    0.500E+00    0.100E+00    0.857E+01    0.857E+01

t,x,temp(x,t),uxt=    0.500E+00    0.200E+00    0.837E+01    0.837E+01

t,x,temp(x,t),uxt=    0.500E+00    0.300E+00    0.803E+01    0.803E+01

t,x,temp(x,t),uxt=    0.500E+00    0.400E+00    0.754E+01    0.754E+01

t,x,temp(x,t),uxt=    0.500E+00    0.500E+00    0.688E+01    0.688E+01

t,x,temp(x,t),uxt=    0.500E+00    0.600E+00    0.602E+01    0.602E+01

t,x,temp(x,t),uxt=    0.500E+00    0.700E+00    0.494E+01    0.494E+01

t,x,temp(x,t),uxt=    0.500E+00    0.800E+00    0.361E+01    0.361E+01

t,x,temp(x,t),uxt=    0.500E+00    0.900E+00    0.197E+01    0.197E+01

t,x,temp(x,t),uxt=    0.500E+00    0.100E+01    0.000E+00    0.425E-07
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Fig 1. Solution of eq(1) for different times. The steady state has been reached at t=10 s.

FORTRAN code

c heat eq solution by forward difference k*dt/(dx**2) < 1/2

c inhomogenous PDE see D. G. Duffy PDE page 106

c    du/dt= K*d^2u/dx^2 +P*(1.-exp(-alfa*t))

c or    du/dt= (1./R)*d^2u/dx^2 +P*(1.-exp(-alfa*t))  ;K=1./R

c BC u(-1,t)=u(1,t)=0  IC is  u(x,0)=0.

      real k ,Lscale

c temp(x,t) is a one  dim array the array is for x values

      dimension Temp(0:200) ,Tempnew(0:200)

      data tf,nstep / 1.,100/

      data k,alfa,P,Lscale/1.,1.,100.,2./

      uinitial(x)=0.

      pi=2.*asin(1.)

      R=1./k

      xi=-Lscale/2.

      xf=Lscale/2.

      tsmall=amin1(R*Lscale**2,1./alfa)

      tf=10.*tsmall

c initial value of temp

      dx=(xf-xi)/float(nstep)

      dt= .8*(.5*dx**2/k)

      nt=int(tf/dt)

      print*,'tf=',tf

      print*,'dt,dx,nt,nstep =' ,dt,dx,nt,nstep

      print*,'  '

      do 30 i=0,nstep

      x=xi+dx*float(i)

      temp(i)=uinitial(x)

30    continue

c do 10 is the time loop

      do 10 j=1,nt

      t=dt*float(j)

      do 20 i=1,nstep-1

      x=xi+dx*float(i)

      tempnew(i)=temp(i)+ dt*( k*(temp(i+1)

     $ -2.*temp(i)+temp(i-1))/dx**2 +P*(1.-exp(-alfa*(t-dt))) )

20    continue

      tempnew(0)=0.

      tempnew(nstep)= 0.

c changes new and old

      do 50 i2=0,nstep

      temp(i2)=tempnew(i2)

50    continue

10    continue

      do 40 i=0,nstep,5

      x=xi+dx*float(i)

      call  trf(pi,P,k,R,alfa,x,t,utext)

      print 100, t,x,tempnew(i),utext

40    continue

100   format('t,x,temp(x,t),uxt=',4(3x,e10.3))

      stop

      end

      subroutine trf(pi,P,k,R,alfa,x,t,utext)

      real n ,k

      nterms=10

      steady1=(p*r/2.)*(1.-x**2)

      steady=steady1

      trans1=(p/alfa)*(1.-cos(x*sqrt(r*alfa))/cos(sqrt(r*alfa)))*

     $exp(-alfa*t)

      sum=steady+trans1

c     do 10 calculates the transient part of the solution

      do 10 i=1,nterms

      n=float(i)

      factor=(-1.)**n*64.*alfa*R*P/pi**3

      den=(2.*n-1.)**3*(4.*alfa-(2.*n-1.)**2*pi**2/r )

      argcos=(2.*n-1.)*pi*x/2.

      argexp= -(2.*n-1.)**2*pi**2*t/(4.*r)

      sum=sum+ factor*cos(argcos)*exp(argexp)/den

10    continue

      utext=sum

      return

      end

