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The following problem is adapted from ref. 3.  In Ref 3 and 4 ,the transform methods are employed.
Solve the partial differential equation 

∂ 2 u(x,t) /∂t2  + b ∂ u(x,t)/∂t  =   c2 ∂ 2u(x,t)/∂ x2 ,   0 ≤ x  ≤ ∞   ,t >0       (1)

b~ 1/time  ,  c ~ ( length/time)2 ,
with the boundary conditions

u(0,t)=1   ,  limx→∞ u(x,t)=0  and the initial conditions u(x,0)=0,

 ∂ u(x,0)/∂t =0  .

The analytical answer is ( see ref. 3 )
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(2)
.where I1 (u) is the modified Bessel function of the first kind and H(t) is the Heaviside step function.
We solve (1) by the forward difference method. An outline is given now.
Visualize the problem in terms of a rectangular grid where X is the abscissa and T the ordinate. The grid is discretized in rectangles of  area ∆x ∆t. 
The first row ,from the bottom up , is given by the specification of u(x,0) .

The second row is obtained  using   the initial condition ∂ u(x,0)/∂t = g(x) . One has

u(x, 0 + ∆t) = u(x,0) + ∆t (∂ u(x,0)

                    = f(x) + ∆t g(x)                                   .  (3)
The boundary value at the origin is set by u(i=0,t)= 1.

The conditions at “infinty ” is taken care automatically in the numerical method. 
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Fig 1. Mesh points of the grid. The value u(i,j+1) is calculated using u(i-1,j) , u(i,j), u(i+1,j) and

u(i,j-1) .

From the third row and up we use the forward difference approximation

u(x,t) = 2*u(x,t-∆t) –u(x,t-2∆t)   - b (∆t)2 {(u(x,t-∆t) –u(x,t-2∆t))/∆t }                                          
      + (∆t)2 {  c2[u(x+∆x,t-∆t)-2u(x,t-∆t) +u(x-∆x, ,t-∆t)]/(∆x)2  } .  (4)
The stability problem is related to the factors multiplying the “middle” term 
u(x,t-∆t).
One must have 
                         2 >> b (∆t) +2 c2(∆t)2 /(∆x)2      ,              (5)
We have a double selection 

first                  (∆t) << 2/b        
     and      also            c(∆t) /(∆x) << 1  .
Let b =1./s   then one requisite is  (∆t) << 2.0 s .      

Suppose we want to plot the wave progress  up tp L=2 meters. The final time 
should be L/c = 2 seconds  If we adopt 100 steps , ∆x  =(2/100)m=0.02 m .
Accordingly one  has the second and final constraint ,  ∆t << .02 /c =.02 s   .
RESULTS :

The wave plots for t=0.5 , 1.0 and 1.5 s are given .
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Fig 1. Solution of eq (1) at t= 0.5,1.0, 1.5 s.
FORTRAN code

c Duffy prob 21 , page 105  march 13 ,2009

c wave eq.,initial delta spike at x=1;  12 marzo, 2009

      dimension uzero(0:500) ,uone(0:500),utwo(0:500)

      data wlength,b, c,nstep /2.,2.,1.,200/

      f(x)=0.

c f(x)=u(x,0)

c g(x) = du(x,0)/dt

      g(x)=0.

c      pi=2.*asin(1.)

c transmission line length w length

      dx=wlength/float(nstep)

      dt=.1*dx/c

      tscale=wlength/c

      tf=.75*tscale

      nt=int(tf/dt)

      factor= c*dt/dx

      print*,'factor ,tscale=',factor,tscale

      print*,'nt,tf,dt,dx=',nt,tf,dt,dx

      print*,'  '

c intial values of u (0-th row and 1 st row )

      do 30 i=0,nstep

      x=dx*float(i)

      uzero(i)=f(x)

      if(i.eq.0)uzero(i)=1.

      uone(i) =uzero(i) + dt*g(x)

      if(i.eq.0)uone(i)=1.

30    continue

c do 10 is the time loop using forward difference

      do 10 j=1,nt

      kp=int(float(nstep)/10.)

      kount=kp

      t=dt*float(j)

c boundary at the left end (x=0) is fixed

      uzero(0)=1.

      uone(0)=1.

      utwo(0)=1.

      do 20 i=1,nstep-1

      x=dx*float(i)

      utwo(i)= 2.*uone(i) -uzero(i)

     $-b*dt**2*(uone(i)-uzero(i))/dt

     $ +dt**2*( c**2*(uone(i+1)-2.*uone(i) +uone(i-1))/dx**2  )

      if(i.eq.kount)then

c      print*,'x,utwo=',x,utwo(i)

      kount=kount+kp

      endif

20    continue

      utwo(nstep)=utwo(nstep-1)

c changes new and old

      do 50 i2=0,nstep

      uzero(i2)=uone(i2)

      uone(i2)=utwo(i2)

50    continue

10    continue

      do 40 i=0,nstep,10

      x=dx*float(i)

      print 100,t,x,utwo(i)

40    continue

100   format(1x,'t,x,u(x,t)=',3(3x,e10.3))

      stop

      end

