Wave Equation and Laplace Transform  (march 12, 2009)
by Reinaldo Baretti Machín,

and Alfonso Baretti Huertas





www.geocities.com/serienumerica4
www.geocities.com/serienumerica3
www.geocities.com/serienumerica2
www.geocities.com/serienumerica
www.geocities.com/fisicageneral2009
Para preguntas y sugerencias escriba a :

reibaretti2004@yahoo.com
References: 

1. A First Course in Partial Differential Equations: with Complex Variables and Transform Methods (Dover Books on Mathematics) by H. F. Weinberger , page 115.

2. Applied mathematics for engineers and physicists by Louis Albert Pipes 

3. Transform Methods for Solving Partial Differential Equations, Second Edition by Dean G. Duffy , page 92.

The following problem is adapted  from Ref 3.

Solve the wave equation 

∂ 2 u(x,t) /∂t2  =   c2 ∂ 2u(x,t)/∂ x2 , 0 ≤ x  ≤ 1   ,t >0       (1)

c = 1 m/s .The BC are

u(0,t)=0  ,  ∂ u (1,t)/∂x = δ (x)  and the initial conditions are u(x,0)=0 ,

∂ u (x,0)/∂t = 0.

The Lapace transform of the PDE ( U(x,s) ) gives 

                                    d2 U (x,s)/ds2 = s2 U(x,s)

 Applying the  boundary conditions

U(0,s) =0 ,   dU(1,s)/dx =1  yields the solution

                     U(x,s) = (1/s) sinh(xs)/cosh(s)          .  (2)

All the poles are simple singularities at positions zn = (+/-)(2n-1) jπ/2 , n=1,2,3… on the imaginary axis .
We obtain the numerical inversion of (2) using a complex FORTRAN code (see below).
For each x and t we integrate from z =σ – j ymax to  z =σ + j ymax
          u(x,t)   =     (1/(2πj) ) ∫   U(x,z) exp(z t) dz 
from z =σ – j ymax to  z =σ + j ymax                          . (3)

We selected σ =0.5 and  ymax =90 . In this problem the scale of frequency is 
equal to velocity of the wave/(scale of length)= c /L . Since c=1m/s 

and L =1 m , fscale = 1hz. So ymax is chosen to be  >> f scale.
The analytical answer is [image: image1.png]u(z, 1) = ;g (;711):';1 sn [(2n - 1)m} i [(2n 1)m]




                                                                                                              .(4)
Results:

The plots of the analytical and numerical solution are shown for the instants

t=.25  , 0.5 , 3.5 . The wave travels as a square pulse initially from right to left.  Series #1 corresponds to the numerical result.
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c Integration along   Z= sigma - j Ymax  to  z=  sigma+ j Ymax 

cFORTRAN code

c Integration along   Z= sigma - j Ymax  to  z=  sigma+ j Ymax 

c SEe D. G. duffy , Transform Methods for PDE page 92

c inverting Laplace transform using a numerical solution of

cthe Bromwich integral

      complex f ,z,dz,g, rooti ,sum ,sigma ,sinhyp,coshyp,uz

      data nt, ti/1, 0./

      data xi,xf,nx /0.,1.,20/

      data a ,nstep /1.,8000/

      sinhyp(uz)=(exp(uz)-exp(-uz))/2.

      coshyp(uz)= (exp(uz)+exp(-uz))/2.

      F(z) =(1./z)*sinhyp(z*x)/coshyp(z)

c if poles are located to the left of the origin ,sigma can set as 0.

      g(z)=f(z)*exp(z*t)

      pi=2.0*asin(1.0)

      rooti=cmplx(0.,1.)

      sigma=0.5

      ymax=90.

      dy=2.*ymax/float(nstep)

      dz=rooti*dy

      tf=.5*(1./a)

      deltat=(tf-ti)/float(nt)

      deltax=(xf-xi)/float(nx)

      do 10 it=1,nt

      t=ti+deltat*float(it)

      do 30 ix=0,nx

      x=xi+deltax*float(ix)

      sum=0.

      do 20 i=1,nstep

      y=-ymax+dy*float(i)

      z=sigma+rooti*y

      sum=sum +(1./(2.*pi*rooti))*(dz/2.)*(g(z)+g(z-dz))

20    continue

      print 100,t,x ,real(sum), u(x,t,pi)

30    continue

10    continue

100   format(1x,'t,x,Real,u=',4(3x,e10.3))

      stop

      end

      function u(x,t,pi)

      real n

      nterms=30

      sum=0.

      do 10 i=1,nterms

      n=float(i)

      factor=(-1.)**(n+1.)/(2.*n-1.)

      argx=(2.*n-1.)*pi*x/2.

      argt= (2.*n-1.)*pi*t/2.

      sum=sum+(4./pi)*factor*sin(argx)*sin(argt)

10    continue

      u=sum

      return

      end

