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The following problem , taken from Ref 3, is solved using a numerical inversion of the Laplace transform. That is , the Bromwich integral is carried out numerically not analytically. 

Solve 

 ∂2 u/ ∂t2 = v2  ∂2 u/ ∂x2        , (v=1 m/s)  , 0 ≤ x ≤ 1m ,  t > 0 with the 

boundary conditions u(0,t)=0  ,  ∂ u(1,t)/ ∂x= δ(t)  and initial conditions 

u(x,0)=0 , ∂u(x,0)/ ∂t =0 .
Let the transform of u(x,t) be 
      U (x,s) = ∫ exp(-st) u(x,t) dt     ,      0 ≤ t ≤ ∞       .         (2)

Then

∂2 U (x,s) /∂x2   = ∫ exp(-st) ( ∂2 u(x,t)/∂x2 ) dt                   (3)

The transform of ∂2 u/ ∂t2 is obtained  integrating by parts,
∫ exp(-st) ∂2 u/ ∂t2 dt = exp(-st) ∂ u/ ∂t │0 ∞ - ∫ (-s) exp(-st) ∂ u/ ∂t dt ,

                                  = 0                   + s ∫  exp(-st) ∂ u/ ∂t dt  , because 

∂ u (x,0) / ∂t =0. Integrating once more 

s ∫  exp(-st) ∂ u/ ∂t dt = s exp(-st) u │0 ∞   - s ∫ (-s) exp(-st) u(x,t) dt 
                                  = 0 + s2 U (x,s)                                    (4)

The transformed differential equation is 

∂2 U (x,s) /∂x2   - s2 U (x,s)    =0                                           (5)

The boundary conditions are 

U (0,s) = 0  and    ∂U (1,s) /∂x = ∫  exp(-st) δ(t) dt = 1.           (6)

The solution to (5) is

∂U (1,s) /∂x = A exp(s x) + B exp(-sx)                          .               (7)

Applying the two BC 
 U (0,s) = 0 implies  B = -A  .

Now ,  U (x,s)    = 2 A sinh(sx)  and  ∂U (1,s) /∂x =1 = 2 s A cosh(s) .

The constant ,                        A = 1/( 2s cosh(s) )    and

                         U (x,s) = (1/s) sinh(sx)/cosh(s)                     .    (8)

By letting the real variable s ,become the complex variable z = x = j y one has the complex  quantity U(x,z). It  has simple poles at  zn = (+/-) j (2n-1)π/2 ( see  Fig.  1)
In ref 3 the analytical answer is obtained applying the theorem of residues.
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Fig 1. The Bromwich integral used to solve the numerical inversion of 
U (x,s). The simple poles are on the imaginary axis.
The vertical path in the  contour of Fig 1 should go from  σ -j ∞ to 

σ + j ∞ . Instead of infinity ,for the numerical integration , we select a large L. The scale of frequency  is related to the inverse of  T ,where T is the time of travel of the wave from one end to the other . We estimate
 T= (Length of string) /velocity =  1m/ (1m/s) =1s  .
This suggests a scale of frequency  1/T = 1 hertz.

A large L (hertz) could be something like  y max ~ 100 hertz. In the FORTRAN code below we used ymax= 90 hertz.
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Fig 2. Wave pulse at t=0.5. The pulse is initially  travelling toward the left.
The black dots are the numerical answer while the purple dots the analytical answer.
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Fig 3. Wave pulse at t=3.5. The black dots are the numerical answer while the purple dots the analytical answer.
c Integration along   Z= sigma - j Ymax  to  z=  sigma+ j Ymax 

FORTRAN code

c Integration along   Z= sigma - j Ymax  to  z=  sigma+ j Ymax 

c SEe D. G. duffy , Transform Methods for PDE page 92

c inverting Laplace transform using a numerical solution of

cthe Bromwich integral

      complex f ,z,dz,g, rooti ,sum ,sigma ,sinhyp,coshyp,uz

      data nt, ti/1, 0./

      data xi,xf,nx /0.,1.,20/

      data a ,nstep /1.,8000/

      sinhyp(uz)=(exp(uz)-exp(-uz))/2.

      coshyp(uz)= (exp(uz)+exp(-uz))/2.

      F(z) =(1./z)*sinhyp(z*x)/coshyp(z)

c if poles are located to the left of the origin ,sigma can set as 0.

      g(z)=f(z)*exp(z*t)

      pi=2.0*asin(1.0)

      rooti=cmplx(0.,1.)

      sigma=0.5

      ymax=90.

      dy=2.*ymax/float(nstep)

      dz=rooti*dy

      tf=.5*(1./a)

      deltat=(tf-ti)/float(nt)

      deltax=(xf-xi)/float(nx)

      do 10 it=1,nt

      t=ti+deltat*float(it)

      do 30 ix=0,nx

      x=xi+deltax*float(ix)

      sum=0.

      do 20 i=1,nstep

      y=-ymax+dy*float(i)

      z=sigma+rooti*y

      sum=sum +(1./(2.*pi*rooti))*(dz/2.)*(g(z)+g(z-dz))

20    continue

      print 100,t,x ,real(sum), u(x,t,pi)

30    continue

10    continue

100   format(1x,'t,x,Real,u=',4(3x,e10.3))

      stop

      end

      function u(x,t,pi)

      real n

      nterms=30

      sum=0.

      do 10 i=1,nterms

      n=float(i)

      factor=(-1.)**(n+1.)/(2.*n-1.)

      argx=(2.*n-1.)*pi*x/2.

      argt= (2.*n-1.)*pi*t/2.

      sum=sum+(4./pi)*factor*sin(argx)*sin(argt)

10    continue

      u=sum

      return

      end

