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The solution of Laplace equation in two dimensions (X-Y) by using a finite grid produces a set of values like those in fig 1. The value of the potential is sought at point P surrounded by known values. In such cases bilinear interpolation can be employed.
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Fig. 1. Known values of a function are given by the red dots Q11 , Q12 ,

Q21 and Q22 .   The green dot is the point at which an interpolation is sought.
The coordinates of P are (x,y) and  f (x1,y1)= Q11 , f (x2,y1)= Q21 ,
f (x1,y2)= Q12 ,  f (x2,y2)= Q22 .

Interpolation in the x direction yields allows the approximation to the function f , at points R1=(x,y1) and R2 =(x,y2)   ,

( f(R1) – Q11 ) /(x-x1)  =  (Q21- f(R1)) /(x2 –x)                            (1)

and 

( f(R2) – Q12 ) /(x-x1)  =  (Q22- f(R1)) /(x2 –x)            .

Solving for f(R1) and f(R2) we get 

f(R1) = (1/(x2-x1)) { (x2 –x) Q11  +(x-x1) Q21 }                         (2-a)

f(R2) = (1/(x2-x1)) { (x2 –x) Q12  +(x-x1) Q22 }                       . (2-b)
Proceed now to perform the  interpolation in the y- direction.  
From 

( f(R2)-f(P))/(y2 –y) = (f(P) – f(R1)) /(y-y1)       ,    (3)
it follows that ,
f(P) = (1/(y2-y1))*{ (y –y2) f(R1) + (y-y1)f(R2) }   .  (4)

Finally we obtain the desired estimate 

f(x,y) ≈  f(Q11) (x2-x) (y2-y)/ (x2 –x1)( y2-y1)
             +  f(Q21) (x-x1) (y2-y)/ (x2 –x1)( y2-y1)   

              + f(Q12) (x2-x) (y-y1)/ (x2 –x1)( y2-y1)  

              + f(Q22) (x-x1) (y-y1)/ (x2 –x1)( y2-y1)            . (5)
We submit the interpolation (5) to a test .

Let the true function be

ftrue (x,y)= x2 + y2 in the interval   0 ≤  x ≤ 2 , 0 ≤  x ≤ 2.

Results: Example (a)
       x                         y                 f(x,y)aprox         x2 + y2

 0.3333E+00    0.3333E+00    0.4444E+00    0.2222E+00

 0.3333E+00    0.1000E+01    0.1333E+01    0.1111E+01

 0.3333E+00    0.1667E+01    0.3111E+01    0.2889E+01

 0.1000E+01    0.3333E+00    0.1333E+01    0.1111E+01

 0.1000E+01    0.1000E+01    0.2222E+01    0.2000E+01

 0.1000E+01    0.1667E+01    0.4000E+01    0.3778E+01

 0.1667E+01    0.3333E+00    0.3111E+01    0.2889E+01

 0.1667E+01    0.1000E+01    0.4000E+01    0.3778E+01

 0.1667E+01    0.1667E+01    0.5778E+01    0.5556E+01 
Example (b) f(x,y) = sin(x)*sin(y) 
x                          y                   fapprox              sin(x)*sin(y) 
  0.3333E+00    0.3333E+00    0.9560E-01    0.1071E+00

  0.3333E+00    0.1000E+01    0.2458E+00    0.2753E+00

  0.3333E+00    0.1667E+01    0.2908E+00    0.3257E+00

  0.1000E+01    0.3333E+00    0.2458E+00    0.2753E+00

  0.1000E+01    0.1000E+01    0.6323E+00    0.7081E+00

  0.1000E+01    0.1667E+01    0.7479E+00    0.8376E+00

  0.1667E+01    0.3333E+00    0.2908E+00    0.3257E+00

  0.1667E+01    0.1000E+01    0.7479E+00    0.8376E+00

  0.1667E+01    0.1667E+01    0.8848E+00    0.9908E+00

Example  ( c ) f(x,y) = exp(-0.1*(x2 +y2))
x                          y                   fapprox              exp(-0.1*(x2 +y2))

 0.3333E+00    0.3333E+00    0.9570E+00    0.9780E+00

  0.3333E+00    0.1000E+01    0.8773E+00    0.8948E+00

  0.3333E+00    0.1667E+01    0.7373E+00    0.7491E+00

  0.1000E+01    0.3333E+00    0.8773E+00    0.8948E+00

  0.1000E+01    0.1000E+01    0.8043E+00    0.8187E+00

  0.1000E+01    0.1667E+01    0.6760E+00    0.6854E+00

  0.1667E+01    0.3333E+00    0.7373E+00    0.7491E+00

  0.1667E+01    0.1000E+01    0.6760E+00    0.6854E+00

  0.1667E+01    0.1667E+01    0.5681E+00    0.5738E+00

  FORTRAN code
c bilinear interpolation

      dimension u(0:10,0:10)

c      data u(0,0),u(0,1),u(0,2),u(0,3)/1.,2.,3.,4. /

c      data u(1,0),u(1,1),u(1,2),u(1,3)/0.,2.,4.,5. /

c      data u(2,0),u(2,1),u(2,2),u(2,3)/2.,3.,4.,6. /

c      data u(3,0),u(3,1),u(3,2),u(3,3)/2.,3.,1.,5. /

      data xi,xf,yi,yf/0.,2.,0.,2./

      fapprox(x,y)= Q11*(x2-x)*(y2-y)/((x2 -x1)*(y2-y1))+

     $ Q21*(x-x1)*(y2-y)/((x2 -x1)*(y2-y1)) +

     $ Q12*(x2-x)*(y-y1)/((x2 -x1)*( y2-y1)) +

     $ Q22*(x-x1)*(y-y1)/((x2 -x1)*(y2-y1))

      n=3

      dx=(xf-xi)/float(n)

      dy=(yf-yi)/float(n)

c dtapoint generates the fixed values of f(x,y).

      call dtapoint(n,xi,yi,dx,dy,u)

      do 10 ix=1,n

      x=xi+dx*float(ix)-dx/2.

      do 10 iy=1,n

      y=yi+dy*float(iy)-dy/2.

c      print*,'x,y'

c      read*,x,y

      nx=int(x/dx)

      ny=int(y/dy)

      x1=xi+dx*float(nx)

      y1=yi+dy*float(ny)

      x2=x1+dx

      y2=y1+dy

      q11=u(nx,ny)

      q21=u(nx+1,ny)

      q12=u(nx,ny+1)

      q22=u(nx+1,ny+1)

c      print*,'nx,ny=',nx,ny

c      print 100,q11,q21,q12,q22

      print 110,x,y,fapprox(x,y),f(x,y)

10    continue

100   format('q11,q21,q12,q22=',4(2x,e10.3))

110   format('x,y,fapprox,f(x,y)=',4(3x,e11.4))

      stop

      end

      function f(x,y)

c      f=x**2+y**2

c      f=sin(x)*sin(y)

      f=exp(-x**2-y**2)

      return

      end

      subroutine dtapoint(n,xi,yi,dx,dy,u)

      dimension u(0:10,0:10)

      do 10 i=0,n

      x=xi+dx*float(i)

      do 10 j=0,n

      y=yi+dy*float(j)

      u(i,j)=f(x,y)

10    continue

      return

      end

