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(FORTRAN code given)
The quantum oscillator ground state energy eigenvalue is found numerically  when an attractive delta function perturbation is added to the potential. The values are compared with those obtained using perturbation theoy up to second order.

The Schrodinger equation is ( k=1 , m=1 , hbar =1 )
-(1/2) d2 Ψ /dx2   +  { (1/2)x2 – λ δ (x) } Ψ  = E Ψ      ,                 (1)
where λ is the strength of the delta function. The unperturbed wave functions are 
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Let the perturbation be  H’(x) = – λ δ (x) . Perturbation theory gives 

En = ( n+1/2)  +  < Ψn│H ‘│ Ψ n >  
       + ∑ j ≠ n  ( < Ψn│H ‘│ Ψ j >)2/( En – Ej )   +third order terms  . (2)
For the ground state n= 0 , the corrections terms are both negative.Only even states contribute in the second order.

E0 = ( 0+1/2)  +  < Ψ0│H ‘│ Ψ 0 >  

       + ∑ j ≠ n  ( < Ψ0│H ‘│ Ψ j >)2/( E0 – Ej )                                (3)
 Using the first normalized wave functions gives the approximation
E0 = 1/2  -  λ /π1/2  -  λ2 [   ( Ψ0(0) Ψ2(0))2 /( E2 –E0 ) +
                                 ( Ψ0(0) Ψ4(0))2 /( E4 –E0 ) ]                         (4)
Results:
A value of  λ = -.05   produces a 1rst order correction of  -0.0282 and a second order correction of  -0.00027. Using perturbation theory, the total energy is 0.471516967.
lambda= -0.0500000007

 e0,e1,e2=  0.5 -0.0282094777 -0.000273547543

 E0+E1=  0.471790522

 E0+E1+E2=  0.471516967
We solving the DE numerically and locates the n=0 , energy eigenvalue between 
0.47150  and  0 .47200. The initial conditions are Ψ0 (0)=1 and 

dΨ0/dx=0. The delta function is simulated by
                 - λ δ (x) ≈  - λ/{2(∆x) }    for    - ∆x ≤  x ≤ ∆x 

   energy, psif=   0.47100E+00   0.25619E+00

   energy, psif=   0.47150E+00   0.43350E-01

   energy, psif=   0.47200E+00   -.11478E+00

   energy, psif=   0.47250E+00   -.23942E+00

   energy, psif=   0.47300E+00   -.41427E+00

Another refinement run gives  0.47162E+00 .
FORTRAN code

c     Quantum harmonic oscillator with delta function perturbation

      real lambda

      dimension psi(0:5000), psifin(100) , energy(50)

      data lambda ,nstep,niter/-.05,2000,40/

      g(x,i)=(e-v(x,dx,lambda))*psi(i)

      eosc(n)=(float(n)+.5)

      pi=2.*asin(1.)

      psi00= 1./(pi**(.25))

      psi10= 0.

      psi20=(1./(pi**(.25)))*(1./sqrt(2.))

      psi30=0.

      psi40= (1./(pi**(.25)))* (3./sqrt(24.))

      e1= lambda*psi00**2

      e2=(lambda*psi00*psi20)**2/(eosc(0)-eosc(2))

     $ +(lambda*psi00*psi40)**2/(eosc(0)-eosc(4))

      print*,'lambda=',lambda

      print*,'e0,e1,e2=',eosc(0),e1,e2

      print*,'E0+E1=',eosc(0) + e1

      print*,'E0+E1+E2=',eosc(0) + e1 + e2

      print*,'  '

      eini= 0.46

      efinal=   0.48

      de=(efinal-eini)/float(niter)

      e=eini

      do 110 iter=1,niter

      xlim=3.9*sqrt(2.*e)

      dx=xlim/float(nstep)

c intial conditions -even n -psi(0)=1.  psi(1)=1.

c odd n    psi(0)=0.  psi(1)=h+psi(0)

      psi(0)=1.

      psi(1)=psi(0)

      do 100 i=2,nstep

      x=dx*float(i)

      psi(i)= 2.*psi(i-1)-psi(i-2)- 2.*dx**2*g(x-dx,i-1)

100   continue

      energy(iter)=e

      psifin(iter)=psi(nstep)

      e=e+de

110   continue

      do 20 i=1,niter

      write(6,120)energy(i),psifin(i)

20    continue

120   format(3x,'energy, psif=',3x,e11.5,3x,e11.5)

      stop

      end

      function v(u,dx,lambda)

      real lambda

      if(u.le.dx.and.u.ge.0.)v=.5*u**2+lambda/(2.*dx)

      if(u.gt.dx)v=.5*u**2

      return

      end

