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Figure 8-2. A step potential.




A standard problem in quantum mechanics is that of the step potential. A flux of particles is incident from the left( x<0) and are reflected when the energy E < V0 . However there is some wave penetration into the classically forbidden region (x>0).

The analytical solution consists in postulating the nature of the “wave ” in the two regions and by matching conditions at the boundary   ψ I( 0)   ( 0)   = ψ II( 0)    and  

( d ψ I /dx )0 = (d  ψ II /dx ) 0 the coefficients are found.
 Let

Ψ1 = D cos(k1 x) + F sin(k1 x)      ,     x ≤ 0                      (1)
Ψ2 = G exp(- k2 x )                ,          x ≥ 0  

where   k1 = ( 2 E)1/2 , k2 = ( 2(V0 –E))   .

Applying the  continuity conditions we get
   Ψ1 ={ D cos(k1 x) + F sin(k1 x)}x=0 

        =  Ψ2 = {G exp(- k2 x ) }x=0 

   that      D= G .

From the derivative continuity  , at x=0, we obtain,

- k1D (0)  + k1 F = - k2 D   , thus  F = - (k2/ k1)D.

Thus we write ,                       
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To obtain the reflected probability flux one needs to rewrite 

Ψ1 in terms of complex amplitudes A and B,

Ψ1 = A exp( i k1 x )   + B exp(- i k1 x)                        .      (3)    

Then 

   A = (D/2)( 1 +i (k2/k1) )    , B = (D/2) (1 -i (k2/k1))     .   (4)
If we set D=1 in (2) , A = (1/2)( 1 +i coef) , 

B=(1/2) (1 -i coef ).      

R= ( v B B*) / (v AA*) = 1.
Our approach here is numerical.

Let the solution on the left be 
Ψ1 = A exp( i k1 x )   + B exp(- i k1 x)    ,  x ≤ 0       (5)                           

and 
ψ2( x)   =  C exp( -k2 x)      , x ≥ 0                 (6)

Assign  C=1. and pick any starting position   x i ≥ 0      .

The initial conditions are  
    ψ2( xi )   = C exp(-k2 xi)                                  (7)
    d ψ2 /dx = -k2 C exp(-k2 xi)
We integrate numerically the Schrodinger equation from xinitial  going backwards toward the left until reaching x=0.

From the numerical values of  ψ( x=0 )   and (d ψ /dx)x=0 , one obtains
 A= (1/2) {ψ0 +(1/ik1) (dψ/dx)0 }       ,     B = A*   .    (8)
In terms of A and B which have been obatined in terms of the mumerical values of Ψ and its derivative, the coefficient of reflection is

coef = -i (A-B)/(A+B)  which should equal k2/k1 .

Example a)
The integration starts at xi = 3  , C= 1 +i(0)
In this example E= 0.7  , k2/k1=0.654653668
A= 0.487824142 + i ( 0.317539573)

B=0.487824142 0- i ( 0.317539573)

The numerical value of the coefficient is

0.650930405

Run

e,v0,k1,k2=  0.699999988  1.  1.18321598  0.774596691

  real(a), aimag(a)=  0.487824142  0.317539573

  real(b), aimag(b)=  0.487824142 -0.317539573

 coef,k2/k1= (0.650930405,0.)  0.654653668
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c potential barrier Eisberg (Modern Physics) eq 8-34

      real k1,k2

      complex psi0,psi1,psi2 ,dpsi, a, b ,c,rooti,coef

      data awidth,niter,v0 /10., 1, 1./

      rooti=cmplx(0.,1.)

      c=cmplx(1.,0.)

      energy=.7

      k1=sqrt(2.*energy)

      k2=sqrt(2.*(v0-energy))

c the integration is  carried out from the right to to the left

      xi=3.

      xf=-5.

      nstep=7000

      kp=int(float(nstep)/70.)

      kount=kp

      dx=(xf-xi)/float(nstep)

      do 20 it=1,niter

      psi0=c*exp(-k2*xi)

      psi1=c*exp(-k2*(xi+dx))

      if(niter.eq.1)print 100,xi,real(psi0),aimag(psi0)

      do 10 i=2,nstep

      x=xi+dx*float(i)

      psi2=2.*psi1-psi0+dx**2*(-2.*(energy-V(x-dx,v0,awidth))*psi1)

      dpsi=(psi2-psi1)/dx

      psi0=psi1

      psi1=psi2

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 100,x, real(psi2), aimag(psi2)

      kount=kount+kp

      endif

      endif

10    continue

      a=.5*(psi2+dpsi/(rooti*k1) )

      b= .5*(psi2-dpsi/(rooti*k1) )

      coef=-rooti*(a-b)/(a+b)

      print*,'  '

      print*,'e,v0,k1,k2=', energy,v0,k1,k2

      print*,' real(a), aimag(a)=',real(a) ,aimag(a)

      print*,' real(b), aimag(b)=',real(b) ,aimag(b)

      print*,'coef,k2/k1=',coef ,k2/k1

20    continue

110   format(1x,'k2/k1,coef,psifin=',3(4x,e10.3))

100   format(1x,' x,Real(psi),aimag(psi)=',3(4x,e10.3))

      stop

      end

      function v(x,v0,awidth)

      if(x.lt.0.)v=0.

      if(x.ge.0.and.x.le.awidth)v=v0

      if(x.gt.awidth)v=0.

      return

      end
