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Reference:
1. Introduction to Quantum Mechanics with Applications to Chemistry by Linus Pauling and E. Bright Wilson
The purpose of this note is to provide a FORTRAN code that uses the full configurations space when dealing with the two electron problem of the helium atom ground state.

This entails problems of computation time.

A simple grid of 26 grid points in one dimension  entails 

for 3 –d space ( 26)3 = 1.76E4 cell points. This may suffice for the computation of the kinetic energy and Vnuc if the wave function is separable in the coordinates of the elctrons.

However the electron- electron repulsion
 Vee = < Ψ(r1,r2) / (1/r12) / Ψ (r1,r2)>
requires a six dim configuration space with (26)6 ≈3.09E8 cell points.

The hamiltonian is,  in atomic units, (Z=2) 
H = -(1/2)∆1   -(1/2)∆2      -Z/r1  -Z/r2   + 1/r 12                                (1)

The total wave function does not include correlation is the simple product

Ψ(r1,r2) = (α3 /π )1/2 exp(-αr1 ) (α3 /π )1/2 exp(-αr2 )     
              ≡  φ(r1 )φ(r2 )                                                               . (2)
The simple variational problem , gives

 E(α )  = <  Ψ(r1,r2) / H / Ψ (r1,r2)> = 

            =  α2 -2 Z α  + 5α/8                                                          (3)

The minimum of E is obtained when α0 = Z-5/16

and E min = -(Z-5/16)2 .    For Z=2

Emin = -2.8476   au.

The kinetic energy integral is obtained from the sum

K=   ∑i,j,k   -(1/2) φ(xi ,yj,zk) {φ(xi+ε,yj,zk) -2 φ(xi ,yj,zk) + φ(xi- ε,yj,zk)     
                                 φ(xi,yj + ε ,zk) -2 φ(xi ,yj ,zk) + φ(xi,yj - ε,zk)     

                            φ(xi,yj ,zk +ε ) -2 φ(xi ,yj ,zk) + φ(xi,yj ,zk- ε) }/ε2  (4)
where  ε is a small quantity.

Vnuc = ∑i,j,k   (-Z/r ) φ(xi ,yj,zk)2                                                  (5)

Vee =∑i,j,k ∑’ i,j,k     (1/r12) φ(xi ,yj,zk)2  φ(x’ i ,y’j, z’k)2                   (6)
A normalization constant is defined by

Define  dtau=dx3  and a normalization constant

N  = ∑i,j,k  φ(xi ,yj,zk)2 dtau                                                         (7)                                                 

The total energy is 

E  = {2  K *dtau + 2 Vnuc dtau + Vee*dtau**2}/N2                   (8)                                                                        
In the following RUN 

x,y and z  range from    -2.8  to +2.8.The interval dx=dy=dz=(5.6)/26.

and epsi (called here delta) =1.e-4.

The exact one electron kinetic energy α2/2 , the attractive potential energy is 

-Z α and the repulsive energy is 5 α/8.

We obtain a total energy of -2.85 au.

RUN
kount=   0.30892E+09

  1 elec-ekin(teor),ekin=  1.42382813  1.33720848

  1 elec-vnuc(teor), vn= -3.375 -3.27569256

 veeteor(5.*alfa/8.),vee=  1.0546875  1.03096514

nstep,norm,et, e(var)=    26   0.99802E+00  -0.28460E+01  -0.28477E+01

FORTRAN CODE 

c helium direct 6-dim integration of  <psi/H/Psi> in a box

c  of size (2/xi/)**3

      implicit real*8(a-h,o-z)

      equivalence(xi,yi,zi) ,(zprime,alfa) ,(dx,dy,dz)

      data znuc, xi,delta,nstep/2.d0, -2.8d0,1.d-4,26/

      psi(x,y,z)=dsqrt(alfa**3/pi)*dexp(-alfa*dsqrt(x**2+y**2+z**2))

      d2xpsi(x,y,z)=-(1.d0/2.d0)*psi(x,y,z)*(psi(x+delta,y,z)

     $-2.d0*psi(x,y,z)+psi(x-delta,y,z))/delta**2

      d2ypsi(x,y,z)=-(1.d0/2.d0)*psi(x,y,z)*(psi(x,y+delta,z)

     $-2.d0*psi(x,y,z)+psi(x,y-delta,z))/delta**2

      d2zpsi(x,y,z)=-(1.d0/2.d0)*psi(x,y,z)*(psi(x,y,z+delta)

     $-2.d0*psi(x,y,z)+psi(x,y,z-delta))/delta**2

      vnuc(x,y,z)=-(znuc/r)*psi(x,y,z)**2

      fn(x,y,z)=psi(x,y,z)**2

      alfa=znuc-5.d0/16.d0

      pi=2.d0*dasin(1.d0)

      xf=-xi

      dx=(xf-xi)/dfloat(nstep)

      dtau=dx**3

      vee=0.d0

      ekin=0.d0

      vn=0.d0

      sumnorm=0.d0

c integrates over one octant

      kount=0

      do 10 ix1=1,nstep

      x1=xi+dx*dfloat(ix1)-dx/2.d0

      do 10 iy1=1,nstep

      y1=yi+dx*dfloat(iy1)-dy/2.d0

      do 10 iz1=1,nstep

      z1=zi+dx*dfloat(iz1)-dz/2.d0

      r=sqrt(x1**2+y1**2+z1**2)

c ekin of one electron

      ekin=ekin+d2xpsi(x1,y1,z1)+d2ypsi(x1,y1,z1)+d2zpsi(x1,y1,z1)

      vn=vn+vnuc(x1,y1,z1)

      sumnorm=sumnorm+fn(x1,y1,z1)

c  kinetic energies and Vnuc sums should end in the previous line

c below is the 6 dim integration of VEE

      do 10 ix2=1,nstep

      x2=xi+dx*dfloat(ix2)-dx/2.d0

      do 10 iy2=1,nstep

      y2=yi+dx*dfloat(iy2)-dy/2.d0

      do 10 iz2=1,nstep

      z2=zi+dx*dfloat(iz2)-dz/2.d0

      r12=sqrt( (x1-x2)**2+(y1-y2)**2 +(z1-z2)**2 )

      if(r12.gt.0.d0)vee=vee +

     $ (1.d0/r12)*psi(x1,y1,z1)**2* psi(x2,y2,z2)**2

      kount=kount+1

10    continue

      print 120 ,float(kount)

      sumnorm=sumnorm*dtau

      vee=vee*dtau**2/sumnorm**2

      ekin=ekin*dtau/sumnorm**2

      vn=vn*dtau/sumnorm**2

      print*,' 1 elec-ekin(teor),ekin=',alfa**2/2.d0 ,ekin

      print*,' 1 elec-vnuc(teor), vn=',-znuc*alfa ,vn

      print*,'veeteor(5.*alfa/8.),vee=',5.d0*alfa/8.d0 ,vee

      et=(2.d0*ekin+2.d0*vn+vee)

      print 100,nstep ,sumnorm, et, -(znuc-5.d0/16.d0)**2

100   format('nstep,norm,et, e(var)=',i6,3(2x,d12.5))

120   format('kount=',2x,e12.5)

      stop

      end

