Helium variation calculation using Gaussian-Legendre  Quadrature Integration
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Reference:
1. Introduction to Quantum Mechanics with Applications to Chemistry by Linus Pauling and E. Bright Wilson
2. http://www.geocities.com/serienumerica3/TwoDimGaussIntegration.doc
3. http://www.geocities.com/serienumerica3/heliumsixdimensions.doc
4. http://www.geocities.com/serienumerica3/heliumsixdimensions.doc
(Fortran code given).
The purpose of this note is to provide a FORTRAN code that uses the full configurations space in spherical coordinates,when dealing with the two electron problem of the helium atom ground state. Gaussian quadrature is discussed in ref. 4.

Reference 3.deals with Cartesian  configuration space but does not employ Gaussain quadrature.This entails problems of computation time.

The present example employs spherical coordinates (r,θ,φ ) and the method of Gauss-Legendre integration. The assumed wave function is a simple product , does not include correlation effects.
Ψ(r1,r2) = (α3 /π )1/2 exp(-αr1 ) (α3 /π )1/2 exp(-αr2 )     
              ≡  φ(r1 )φ(r2 )                                                               (1)

The hamiltonian is,  in atomic units, (Z=2) 

H = -(1/2)∆1   -(1/2)∆2      -Z/r1  -Z/r2   + 1/r 12                        .   (2)     
It is   the electron- electron repulsion
 Vee = < Ψ(r1,r2) / (1/r12) / Ψ (r1,r2)>                                         (3)
that requires a six dimensional configuration space.
The simple variational problem , gives

  E(α )  = <  Ψ(r1,r2) / H / Ψ (r1,r2)> = 

            =  α2 -2 Z α  + 5α/8                                                          (4)

The minimum of E is obtained when α0 = Z-5/16

and E min = -(Z-5/16)2 .    For Z=2

Emin = -2.8476   au.                                                                  (5)
The kinetic energy integral is obtained from the sum

ek=ek+(ag(i)*(br-ar)/2.)*(ag(j)*(btheta-atheta)/2.)*

     $ (ag(k)*(bphi-aphi)/2.)*tk(r,theta)                                   (6)

where 

Tk(r,theta)=psi(r)*(-1./2.)*(d2psi(r)+(2./r)*dpsi(r))*

     $ r**2*sin(theta)                                                             (7)
and the derivatives are written as finite differences
d2psi(r)=(psi(r+deltar)-2.*psi(r)+psi(r-deltar))/deltar**2      (8)
 dpsi(r)=(psi(r+deltar)-psi(r))/deltar            .                            (9)
The nuclear attractive potential is

     vn=vn+(ag(i)*(br-ar)/2.)*(ag(j)*(btheta-atheta)/2.)*

     $ (ag(k)*(bphi-aphi)/2.)*vnuc(r,theta)                              (10)

with

f(r,theta)= r**2*sin(theta)*psi(r)**2

      vnuc(r,theta)=-(znuc/r)*f(r,theta)                                       (11)  

If there is  no correlation the integral of the kinetic energy and Vn are of three dimensions because the contribution from each electron is separable,in configuration space. 
But Vee

 Vee =  ∫ ∫  (1/r12) Ψ(r1 )2 Ψ(r2 )2 dτ 1 dτ 2                               (12)   
is a six dimensional integration.                                            

Using a 10 point  Gaussian –Legendre quadrature we obtain a total energy of 

- 2.841 au.
RUN
anorm=  0.99810636

 ekin ,alfa**2/2.,vn -z*alfa=  1.42438149  1.42382813 -3.37388968 -3.375

 vee ,5.*alfa/8.=  1.05801761  1.0546875

 alfa ,et(num), -(z-5./16.)**2=  1.6875 -2.84099865 -2.84765625
FORTRAN code

c gauss -legendre integration  of kin energy ,

c -(1/r) psi**dtau (Coulumb potential) and Vee for helium

c and Vee  in  spherical coordinates

      real lambda1,lambda2,lambda

      dimension xg(30) , ag(30), yg(30) ,zg(30)

      equivalence (xg,yg,zg)

c      data xg /.93246951,-.93246951,.66120939,-.66120939,

c     $.23861919,-.23861919, 24*0.0/

c      data ag/.17132449,.17132449,.36076157,.36076157,

c     $.46791393,.46791393  ,24*0.0/

      data xg /.97390653,-.97390653,.86506337,-.86506337,

     $.67940957,- .67940957,.43339539, -.43339539,

     $.14887434,-.14887434,20*0.0/

      data ag/.06667134,.06667134,.14945135,.14945135,

     $.21908636,.21908636,.26926672,.26926672,.29552422,.29552422,

     $20*0.0/

c upper limit=b, lower limit =a

      data norder ,ar, br ,atheta,aphi/10, 0., 3.1 ,0.,0./

      data znuc ,lambda1,lambda2/2.,.01,.0049/

      data deltar/.9e-3/

      psi(r)=sqrt(alfa**3/pi)*exp(-alfa*r)

      f(r,theta)= r**2*sin(theta)*psi(r)**2

      vnuc(r,theta)=-(znuc/r)*f(r,theta)

      vee(r1,r2,r12)=r12*psi(r1)**2*psi(r2)**2*r1**2*r2**2*

     $sin(theta1)*sin(theta2)

      d2psi(r)=(psi(r+deltar)-2.*psi(r)+psi(r-deltar))/deltar**2

      dpsi(r)=(psi(r+deltar)-psi(r))/deltar

      Tk(r,theta)=psi(r)*(-1./2.)*(d2psi(r)+(2./r)*dpsi(r))*

     $ r**2*sin(theta)

      pi=2.*asin(1.)

      alfa=znuc-5./16.

      btheta=pi

      bphi=2.*pi

      sum=0.

      vn=0.

      ek=0.

c loop 10 calculates vnuc and ekinetic , checks normalization of psi

      do 10 i=1,norder

      r=.5*(br-ar)*xg(i)+.5*(br+ar)

      do 10 j=1,norder

      theta=.5*(btheta-atheta)*yg(j)+.5*(btheta+atheta)

      do 10 k=1,norder

      phi= .5*(bphi-aphi)*zg(k)+.5*(bphi+aphi)

      sum=sum + (ag(i)*(br-ar)/2.)*(ag(j)*(btheta-atheta)/2.)*

     $ (ag(k)*(bphi-aphi)/2.)*f(r,theta)

      vn=vn+(ag(i)*(br-ar)/2.)*(ag(j)*(btheta-atheta)/2.)*

     $ (ag(k)*(bphi-aphi)/2.)*vnuc(r,theta)

      ek=ek+(ag(i)*(br-ar)/2.)*(ag(j)*(btheta-atheta)/2.)*

     $ (ag(k)*(bphi-aphi)/2.)*tk(r,theta)

10    continue

      anorm=sum

      print*,'anorm=',anorm

      print*,'ekin ,alfa**2/2.,vn -z*alfa=' ,ek,alfa**2/2.,vn ,

     $ -znuc*alfa

c calculates vee

      do 40 il=1,2

      if(il.eq.1)lambda=lambda1

      if(il.eq.2)lambda=lambda2

      ve=0.0

      do 20 i1=1,norder

      r1=.5*(br-ar)*xg(i1)+.5*(br+ar)

      do 20 j1=1,norder

      theta1=.5*(btheta-atheta)*yg(j1)+.5*(btheta+atheta)

      do 20 k1=1,norder

      phi1= .5*(bphi-aphi)*zg(k1)+.5*(bphi+aphi)

      do 20 i2=1,norder

      r2=.5*(br-ar)*xg(i2)+.5*(br+ar)

      do 20 j2=1,norder

      theta2=.5*(btheta-atheta)*yg(j2)+.5*(btheta+atheta)

      do 20 k2=1,norder

      phi2= .5*(bphi-aphi)*zg(k2)+.5*(bphi+aphi)

      x1=r1*sin(theta1)*cos(phi1)

      y1=r1*sin(theta1)*sin(phi1)

      z1=r1*cos(theta1)

      x2= r2*sin(theta2)*cos(phi2)

      y2= r2*sin(theta2)*sin(phi2)

      z2= r2*cos(theta2)

      r12=sqrt((x1-x2)**2+(y1-y2)**2+(z1-z2)**2 +lambda )

      if(r12.gt.0.0)then

      ve=ve + (ag(i1)*(br-ar)/2.)*(ag(j1)*(btheta-atheta)/2.)*

     $ (ag(k1)*(bphi-aphi)/2.)*(ag(i2)*(br-ar)/2.)*(ag(j2)*

     $(btheta-atheta)/2.)*

     $ (ag(k2)*(bphi-aphi)/2.)*vee(r1,r2,r12)

      endif

20    continue

      if(il.eq.1)ve1=ve

      if(il.eq.2)ve2=ve

40    continue

      ve=2.*(ve1-ve2)/(lambda1-lambda2)

      print*,'vee ,5.*alfa/8.=',ve ,5.*alfa/8.

      print*,'     '

      et=2.*ek+2.*vn+ve

      print*,'alfa ,et(num), -(z-5./16.)**2=',alfa,et,-(znuc-5./16.)**2

      stop

      end

