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References (1- 8) discuss numerical  methods suitable for solving the equation
y(x) = f(x) + ∫ x 0 K(x,s) y(s)  ds                                         (1)

( f(x) and K(x,s) are given , y(x) is the unknown function)

when the kernel K(x,s) has a mild singularity at x=s.
In this note we present a simple algorithm (FORTRAN code) that avoids the singularity by evaluating the integrand at
 s = 0 +∆s/2  , 3(∆s/2) …. ,(x-∆s/2) .

One simply avoids the singularity by evaluating the last point at (x-∆s/2).

We take the example given by eq.(24)  in ref 1.
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According to Palamara  …we quote..
[image: image3.png]The method (8) based on Radan nodes (ie.. on the nodes eoinciding with the
zeros of the Jacobi polynomial P® () in addition to the endpoint x = 1) together
with a product Simpson’s methor on uniform meshes [12] has been implemented to
solve the following equations, taken from collections of problems proposed in [10]
and [20]:




In our method we iterate equation (24) starting with the trial 

yinitial( x) =1.

The integral containing the singularity is

-(1/4) ∫ y(s)/(x-s)1/2 ds                                 0 ≤ s≤x       (2)

It is handled by the subroutine aintg ,
    subroutine aintg(alfa,phiold,x,dx,ix,sum)

      dimension phiold (0:3000)

      F(u,j)=-.25*phiold(j) /(x -u)**.5

      sum=0.

      do 10 j=1,ix

      y=dx*float(j)-dx/2.

      sum=sum + (dx/2.)*(f(y,j)+f(y-dx,j-1) )

10    continue

      return

      end

End of subroutine. Notice that the variable of integration s is here called y.

Its steps are defined by       y=dx*float(j)-dx/2.
The unknown function is here the array  phiold(i).

After each iteration the old is relabeled to equal the new values

phiold(i) = phinew(i).

At the n-th step of iteration one has

yn (x) = f(x) + ∫ x 0 K(x,s) yn-1(s) ds                  . (3)

The following run shows that convergence is produced, 

     y→ 1/(1+x)1/2  in six iterations with a tolerance of 1.e-3
RUN

i,x,phinew,1./sqrt(1.+x)=   6    0.000E+00    0.100E+01    0.100E+01

 i,x,phinew,1./sqrt(1.+x)=   6    0.500E-01    0.981E+00    0.976E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.100E+00    0.959E+00    0.953E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.150E+00    0.938E+00    0.933E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.200E+00    0.918E+00    0.913E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.250E+00    0.899E+00    0.894E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.300E+00    0.881E+00    0.877E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.350E+00    0.865E+00    0.861E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.400E+00    0.849E+00    0.845E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.450E+00    0.834E+00    0.830E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.500E+00    0.820E+00    0.816E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.550E+00    0.807E+00    0.803E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.600E+00    0.794E+00    0.791E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.650E+00    0.782E+00    0.778E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.700E+00    0.770E+00    0.767E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.750E+00    0.759E+00    0.756E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.800E+00    0.749E+00    0.745E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.850E+00    0.738E+00    0.735E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.900E+00    0.729E+00    0.725E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.950E+00    0.719E+00    0.716E+00

 i,x,phinew,1./sqrt(1.+x)=   6    0.100E+01    0.710E+00    0.707E+00

Fortran code
c Volterra integral eq. with weakly singular kernel

c Methods of Applied Mathematics Francis B. Hildebrand ,Dover

c  Publications,   pages 320-321

c analytical  solution   alfa=0.5

      dimension phiold(0:3000), phinew(0:3000)

      equivalence (dx,dy) ,(nx,ny)

      data alfa,niter/0.5, 20/

      pi=2.*asin(1.)

      nx=2500

      dx=1./float(nx)

      dy=1./float(ny)

      kprint=int(float(nx)/20.)

      do 30 i=0,nx

      x=dx*float(i)

      phiold(i)=1.

30    continue

      do 50 iter=1,niter

      do 10 i=1,nx

      x=dx*float(i)

      call  aintg(alfa,phiold,x,dx,i,sum)

      phinew(i)=1./sqrt(1.+x)+pi/8.-(1./4.)*asin((1.-x)/(1.+x))+sum

10    continue

      phinew(0)=phinew(1)

      print*,'   '

      do 20 i=0,nx,kprint

      x=dx*float(i)

      print 100,iter,x,phinew(i),1./sqrt(1.+x)

20    continue

      diff=(phinew(nx)-phiold(nx))/phiold(nx)

      if(abs(diff).le.1.e-3)goto 90

      do 15 i=0,nx

      phiold(i)=phinew(i)

15    continue

50    continue

100   format(1x,'i,x,phinew,1./sqrt(1.+x)=',i4,3(3x,e10.3))

90    stop

      end

      subroutine aintg(alfa,phiold,x,dx,ix,sum)

      dimension phiold (0:3000)

      F(u,j)=-.25*phiold(j) /(x -u)**.5

      sum=0.

      do 10 j=1,ix

      y=dx*float(j)-dx/2.

      sum=sum + (dx/2.)*(f(y,j)+f(y-dx,j-1) )

10    continue

      return

      end

