Numerically Inverting  the Transfer Function
by Reinaldo Baretti Machín

www.geocities.com/serienumerica4
www.geocities.com/serienumerica3
www.geocities.com/serienumerica2
www.geocities.com/serienumerica
For questions and suggestions write to: 

reibaretti2004@yahoo.com



References:

1. http://en.wikibooks.org/wiki/Control_Systems/Transfer_Functions
2.Numerical Inverse Laplace transform of an oscillator submitted to an impulsive force 
3. Numerical Inverse Laplace transform of an oscillator submitted to a step force 

4. Calculus of Residues Using Complex FORTRAN code 

5. INVERSE LAPLACE TRANSFORM - Part 2 
6. INVERSE LAPLACE TRANSFORM - Part 1
7. Wikipedia   http://en.wikipedia.org/wiki/Laplace_transform
8. Schaum's Outline of Basic Electrical Engineering (Schaum's) by Jimmie J. Cathey and Syed A. Nasar
9. Schaum's Outline of Advanced Mathematics for Engineers and Scientists by Murray R Spiegel
10.  Schaum's Outline of Laplace Transforms by Murray R Spiegel

11. Complex Variables and the Laplace Transform for Engineers by Wilbur R. LePage
Let H(s) be  the Laplace transform of a circuit's delta impulse response. An impulse function is a delta function of strength  A ~ volts-sec applied to the circuit.

                                 Vinput (t) = A δ(t).

An RLC circuit for example with the delta impulse will have the equation

L dI/dt + R I + q/C = A δ(t)              A=1volt-sec                             (1),

or 

L d2 q/dt2 + R (dq/dt) + q/C = A δ(t)                                        (2)           
Likewise an oscillator of mass m~ kg  , force constan k ~ N/m , friction coefficient    b ~ kg/sec  has the equation of motion   

m d2x/dt2 + b(dx/dt) + kx = A δ(t)     , A=1 N-sec                   .   (3)                                  
The transformed X(s) or Q(s) are the solutions to the delta function impulse , with zero initial conditions,and receive the symbol H(s).
For eq (2)

H(s) = 1/(Ls2 +Rs +(1/C) )                                            (4)
and for eq.(3) 

H(s) = 1/(ms2 +bs +k)                                               .  (5)
Assume now the application of an arbitrary variable potential V(t) or a an arbitrary force F(t).

Taking the oscillator equaton with zero IC

m d2x/dt2 + b(dx/dt) + kx = f(t)                            ,   (6)
leads to 

(ms2 +bs +k) X(s) = L{f(t)} ≡ F(s)                         (7)

Xoutput (s) =   F(s)/ (ms2 +bs +k)  = H(s) F(s)input         .   (8)  

Presently we will solve (8) numerically applying a modified Bromwich contour integral.  
Let the parameters of the oscillator be 

 m = 2  kg , b = 5 kg/s , and k = 3 kg/s2  ,
with f(t) = sin (2 (k/m)1/2 t) ≡ sin( ω t)   .                    (9)

The transfom of f(t) is F(s) = ω/ ( s2 + ω2)      .

Thus the transform of the output is

 X(s) = { 1/ (ms2 +bs +k) } { ω/ ( s2 + ω2) }        .      (10)

 [image: image2.png]€+ ymax

<

[

T efymax




           [image: image3.emf]-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0 1 2 3 4 5 6 7 8 9 10

t ~sec

x output

Series1


FORTRAN code

c inverse of Transfer function  T(t) = L^-1 T(s)

c Schaum's BEE prob 15.7

c a circle od radius R is drawn to surround  all poles

c INVERSE LAPLACE TRANSFORM  complex integration

c a circle od radius R is drawn to surround  all poles

      real m ,k

      complex z ,z2, sum1 , sum2 ,f , g ,rooti  ,dz ,dz2

      data ti, nt ,nstep/0., 70, 5000/

      data m ,b, k , a ,c/2., 5., 3. ,2.,1./

c g(z) is the laplace transform

c      g(z) =(a/z)*(1.-exp(-z*t0))*(1./( m*z**2 + b*z + k ))

      g(z) =(w/(z**2+w**2))*(1./( m*z**2 + b*z + k ))

      f(z) = (1./(2.*pi*rooti))*exp(z*t)*g(z)

      w=2.*sqrt(k/m)

      rooti=cmplx(0.,1.)

      pi=2.*asin(1.)

      ts1=m/b

      ts2=sqrt(m/k)

      tsmall=amin1(ts1,ts2)

      tlarge=amax1(ts1,ts2)

      tf=10.

      r=3.*abs(b/m)

      ymax=sqrt(r**2-c**2)

      print*,'   '

      thetai =atan(ymax/c)

      thetaf=2.*pi-thetai

      dt=(tf-ti)/float(nt)

      dtheta=(thetaf-thetai)/float(nstep)

      dy=(2.*ymax)/float(nstep)

c each integral for a fixed value of t is composed of semicircle

      do 50 it=0,nt

      t=ti+dt*float(it)

      sum1=cmplx(0.,0.)

      sum2=cmplx(0.,0.)

c integral along semicircle of radius r

      do 10 i=1, nstep

      theta=thetai+float(i)*dtheta

      y=-ymax+dy*float(i)

      z=r*exp(rooti*theta)

      dz=r*exp(rooti*theta)*rooti*dtheta

      z2=c+rooti*y

      dz2=rooti*dy

      sum1=sum1 + (dz/2.)*(f(z) + f(z-dz))

      sum2=sum2 + (dz2/2.)*(f(z2) + f(z2-dz2))

10    continue

c      print*,'real(sum1), aimag(sum1)=',real(sum1) , aimag(sum1)

c      if(t.le.t0)fapplied=A

c      if(t.gt.t0)fapplied=0.

c      print 100, t , real(sum1)+ real(sum2) ,fapplied

      print 100, t , real(sum1)+ real(sum2)

50    continue

100   format('t, x(t) =',2(3x,e11.4))

      stop

      end

