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The radial Schrodinger equation for the spherical harmonic oscillator is ,
{d2 /dr2 + (2/r) d/dr ) Ψ 

=-(2m/hbar2){E- (m/2) ω2 r2 –l(l+1)hbar2/(2m r2) } Ψ      ( 1)

The unit distance  or length scale is

                                 LS = ( hbar/(mω) )1/2    ,                      (2)
and the energy scale is

                                  ES = hbar ω                   .                     (3)
Equation becomes 

{d2 /dr2 + (2/r) d/dr ) Ψ  = -(2){E- (1/2)  r2 –l(l+1)/(2r2) } Ψ      ( 4)

Analytic solutions area given in refs 1 and 2.
In Cartesian coordinates 

E = hbar ω  ( nx + ny  + nz  + 3/2)                                                (5)                
    =   ( nx + ny  + nz  + 3/2)                                                
When using spherical coordinates other quantum numbers turn up and

E = ( 2k + l + 3/2)                                                                  ,    (6)

where  n = 2k + l .
 k is a non-negative integer. For every even n we have l = 0,2...,n − 2,n and for every odd n we have l = 1,3...,n − 2,n.
We deduce relation (6) by examining the eigenvalues obtained by numerical means.
eq(4) is solved by the finite difference method and the eigenvalues are sought through the asymptotic iteration method. The FORTRAN code employed is given below.
First, set the angular momentum quantum number equal to zero , l =0.
And run the program for a wide spectrum of energies starting with zero energy.
 ang momentum    0.

  energy, psifin=     0.1429E+01     0.1132E+03

  energy, psifin=     0.1471E+01     0.5956E+02

  energy, psifin=     0.1514E+01    -0.3739E+02  Eave =1.50
  energy, psifin=     0.1557E+01    -0.1968E+03

  energy, psifin=     0.1600E+01    -0.4475E+03
  energy, psifin=     0.3443E+01    -0.2822E+08

  energy, psifin=     0.3486E+01    -0.8585E+07  Eave= 3.50
  energy, psifin=     0.3529E+01     0.2639E+08

  energy, psifin=     0.3571E+01     0.8444E+08
energy, psifin=     0.5429E+01     0.1372E+14

 energy, psifin=     0.5486E+01     0.3127E+13

 energy, psifin=     0.5543E+01    -0.1973E+14 Eave =5.50
 energy, psifin=     0.5600E+01    -0.6405E+14
energy, psifin=     0.7429E+01    -0.6663E+19

 energy, psifin=     0.7486E+01    -0.1243E+19 Eave = 7.50
 energy, psifin=     0.7543E+01     0.1057E+20

 energy, psifin=     0.7600E+01     0.3333E+20

The results show that when refined the energy spectrums 

is ( for l = 0 )
E = 1.5   , 3.5  , 5.5   , 7.5 .. ( even number + 3/2)    

   = ( 2 k  + 3/2)                                                                         (7)

The energy dependence on the angular quantum number can be ascertained numerically by fixing  example  l =  1 and integrating for a wide spectrum of energies. From the eigenvalues substract -3/2   .
We obtain a series of integer values for  2k + f(l) , where f(l) is a unknown function of the quantum number l .
   energy-3./2., psifin=     0.8500E+00     0.5042E+01

   energy-3./2., psifin=     0.9625E+00     0.1495E+01    (2k+ f(L) ) = 1.
   energy-3./2., psifin=     0.1075E+01    -0.3527E+01

  energy-3./2., psifin=     0.2987E+01    -0.1227E+02 (2k+ f(L) ) = 3.
  energy-3./2., psifin=     0.3100E+01     0.1406E+03
  energy-3./2., psifin=     0.4900E+01     0.3761E+04  2k+ f(L) ) = 5
  energy-3./2., psifin=     0.5013E+01    -0.7543E+03
This is suggestive of   f(l) = l.  Analogous results can be obtained by fixing 

l = 2 , 3 etc…

Thus we conclude from a numerical analysis of the results , that the energy formula is 

       E = ( 2k + l + 3/2)                                                          (8)
Fortran code
      dimension psi(0:10000) ,psinf(300),energy(300)

      data nstep,niter, al/4000,80, 0./

      v(r)= (1./2.)*r**2

      g(r)=-2.*(e-v(r) -al*(al+1.)/(2.*r**2) )

      e=0.

      efinal= 7.

      de=(efinal-e)/float(niter)

      print*,' ang momentum', al

      print*,'    '

      do 110 iter=1,niter

      rlim=2.0*sqrt(2.*e)

      dr=rlim/float(nstep)

c xlim should go beyond the classical turning point where e=V(x)

c  initial condtions psi(x)=x**al , psi'(x)= al*x**(al-1.)

c  for al=0.   psi(0)=1.    psi(1)=psi(0)-dx

      if(al.eq.0.)then

      psi(0)=1.

      psi(1)=psi(0)-dr

      endif

c for al=1.   psi(0)=0.  psi'(0)=1.  , psi(1) = psi(0)+dx

      if(al.eq.1.)then

      psi(0)=0.

      psi(1)=psi(0)+dr

      endif

c for al=2.    psi(0)=0.   psi(1)= (1./2.)*dx**2*al

      if(al.eq.2.)then

      psi(0)=0.

      psi(1)= psi(0)+ (1./2.)*dr**2*al

      endif

      do 100 i=2,nstep

      r=dr*float(i)

      psi(i)= +2.*psi(i-1)-psi(i-2) -(2.*dr/(r-dr))*(psi(i-1)-psi(i-2))

     $+dr**2*g(r-dr)*psi(i-1)

c      print*,'e,g,psi(i)=',e,g(r-dr),psi(i)

100   continue

      energy(iter)=e

      psinf(iter)=psi(nstep)

      e=e + de

110   continue

      do 20 i=1,niter

      print 120,energy(i),psinf(i)

c      print 120,energy(i)-3./2.,psinf(i)

20    continue

120   format(3x,'energy, psifin=',2(4x,e11.4))

      print*,'  '

c      call plotwave(psi,nstep,50,dx)

130   stop

      end

      subroutine plotwave(psi,nstep,ns,dx)

      dimension psi(0:5000)

      do 10 i=0,nstep,ns

      x=dx*float(i)

      print 100 , x, psi(i)

10    continue

100   format(2x,'x,psi=', 2(4x,e11.4))

      return

      end

