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(FORTRAN code provided)
The differential equation 
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                      (1) 

has two linearly independent solutions ,generally called  jn and yn . The 

second independent solutions,  called here yn ,have a singularity at the origin (x=0).
The purpose of this note is to demonstrate by example that the numerical methods for finding  yn –the one with the singularity- have to rely on two methods to generate the solution.
The numerical approach starts with the substitution y ≈ xs  ,for x near the origin. Substitution in (1) gives the indicial equation

{ s(s-1) +2s –n(n+1) } ,thus s= n  or   s= -(n+1).

The choice of  s=-(n+1)     leads to a singular solution at the origin. 
The series soluion is 

                                  y =  ∑p=0 ap x (s+p)                                 .  (2)

Substitution in(1) gives the recursion relation

 ap+2  = - ap/{ (s+p+2)(s+p+3)-n(n+1) }            .                        (3)

Using the Fortran code given eq (3) is used to generate the coefficients from p=2 to p=14 . Then yn is generated from the sum

                                 yn=0 =   ∑p=16 p=0  ap x (s+p)         .                        
 It is plotted along with the analytical solution  –cos(x)/x  (Fig 1).
The numerical solution starts to diverge around x=6.
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Fig 1.
One recognizes that for large x ,the series solution will need an  increasing powers of x to be able to represent a series solution of cos(x)/x ,which has infinite number of powers. The series solution is useful for small x , specially near the origin.
It should be pointed out that a  solution of (1) by Taylor series can not work near the origin ,because the derivatives will have  increasing values near the origin.

However as soon as one reaches the first root of y0 , near x=1.5, the derivatives have “small” values and a difference equation or Taylor method is suitable.

Fig 2 shows the result of combining a series method up to x=1.5 and a finite difference equation after.

 At x=1.5  , dy/dx=0.705323756 , y0=-0.0471581556  .

We used a difference equation solution for (1).
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Fig 2. Combined methods of solution for yn=0 .






Fig 3. (from Ref1.) Spherical Bessel functions of 2nd kind, yn(x), for n = 0, 1, 2

FORTRAN code
c  spherical Bessel functions series solution

      real n

      dimension  ap(0:50)  ,ynum(0:10000)

      data n, np,nstep /0.,14, 50/

      yb0(x)=-cos(x)/x

      yb1(x)= -cos(x)/x**2 -sin(x)/x

      ya1(x)= sin(x)/x**2 -cos(x)/x

      ap(0)=-1.

c      s=n

      s=-(n+1.)

c builds the coefficients ap

      do 20 ip=0,np,2

      p=float(ip)

      den=(s+p+2.)*(s+p+3.)-n*(n+1.)

      ap(ip+2)=-ap(ip)/den

      print*,'ip+2,ap(ip+2)=',ip+2,ap(ip+2)

20    continue

      xi=.5

      xf=1.5

      dx=(xf-xi)/float(nstep)

c      print*,'   '

      do 10 i=0,nstep

      x=xi+dx*float(i)

      sum=ap(0)*x**s

      do 30 is=2,np,2

      sum=sum+ap(is)*x**(s+float(is))

      dydx=(y1-y0)/dx

30    continue

      print 100, x, sum, yb0(x)

      ynum(i)=sum

10    continue

      dydx=(ynum(nstep)-ynum(nstep-1))/dx

      print*,'subroutine highx,x,y0,dydx=',x,sum, dydx

      print*,'  '

      call highx(n,sum,dydx,xf,6.*xf,2000)

100   format(1x,'x,sum,yb0=',3(3x,e10.3))

      stop

      end

      subroutine highx(n,y0,dydx,xi,xf,nstep)

      real n

      g(x) =-(1./x**2)*(2.*x*dydx + (x**2-n*(n+1.))*y1 )

      yb0(x)=-cos(x)/x

      dx=(xf-xi)/float(nstep)

      y1=y0+dydx*dx

      kp=int(float(nstep)/50.)

      kount=kp

      do 50 i=2,nstep

      x=xi+dx*float(i)

      y2=2.*y1-y0+dx**2*g(x-dx)

      if(i.eq.kount)then

      print 100,x , y2, yb0(x)

      kount=kount+kp

      endif

      dydx=(y2-y1)/dx

      y0=y1

      y1=y2

50    continue

100   format(1x,'x,y,yb0(x)=',3(3x,e10.3))

      return

      end

