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1. Quantum Mechanics: A First Course by B. Cameron Reed

Problem A-2 (appendix-2) of Ref. 1 reads:

A potential is given by

V(x) = ∞      ,        x ≤ 0                                      (1)

        = α x3    ,        x > 0

where α = 5 eV/ A3 . Determine the energy of the ground and first excited  states for an electron moving in this potential to five significant digits.
In this note we solve the problem numerically reducing the Schrodinger equation to a difference equation and employing the asymptotic iteration method . 

The one dimensional Schrodinger equation is

-(hbar2 /(2m))  d2 Ψ/dx2   + α x3  Ψ = E Ψ                 (2)
(hbar = 1.05 457 E-34  J –s , m=9.10939 E-31 kg,

1 eV=1.60218E-19 ,   1Angstrom = E-10 m )      (3)
Defining scales of length (LS) and energy (ES) , allows us to cast (2) in adimensional form.

The combination of hbar, M , L with α and L having energy dimensions is, 
hbar2 /(m L2)  ~ α L3  ~ energy                                 .     (4) 

The scale of length is

LS = { hbar2 /(m α) }1 / 5                                                  (5)
and the scale of energy is

ES = α (LS)3                                                                  .  (6)  
In consequence, the conversion factors are,
LS =3.32772E-011  meters= 0.628848 au                                     (7)

ES = 2.95205 E-020 joules = 0.184252 eV 

     =6.7078 E- 3 au                                                      .             (8)  

The initial conditions are Ψ(0)=0.  , (d Ψ /dx)x=0 = 1.
The difference equation is

Ψn =   2 Ψn-1 -   Ψn-2   -2 (∆x)2 ( E = V(x-∆x) ) Ψ n-1           (9)
where now V(x) = x3 in adimensional units and ∆x<<1 .

The following run shows that the ground state energy is approximately ( to five digits)     E = 2.2765 

a) Ground state
Finding the energy of the ground state.

e,psifinal=    0.227620E+01    0.457079E+00

 e,psifinal=    0.227633E+01    0.274971E+00

 e,psifinal=    0.227647E+01    0.151865E+00

 e,psifinal=    0.227660E+01   -0.129522E-01

 e,psifinal=    0.227673E+01   -0.249086E+00

 e,psifinal=    0.227687E+01   -0.372233E+00

 e,psifinal=    0.227700E+01   -0.538890E+00

 e,psifinal=    0.227713E+01   -0.742555E+00
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Fig 1. Ground state function.
b) First excited state

The followins run shows that the first excited state has energy
E = 6.2820
e,psifinal=    0.627800E+01   -0.203157E-01

 e,psifinal=    0.628000E+01   -0.133123E-01

 e,psifinal=    0.628200E+01   -0.652221E-02

 e,psifinal=    0.628400E+01    0.143009E-02

 e,psifinal=    0.628600E+01    0.872699E-02

 e,psifinal=    0.628800E+01    0.166582E-01
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Figure 2. First excited state.
FORTRAN code

c problem Appendix -2 from Quantum Mechanics B. Cameron Reed

c initial alfa in ev/Angstrom**3

      data nstep, niter/1000, 30/

      kp=int(float(nstep)/50.)

      kount=kp

      e=2.275

      ef=2.2790

      de=(ef-e)/float(niter)

      do 10 ie=1,niter

      xf=2.5*e**(1./3.)

      dx=xf/float(nstep)

      psi0=0.

      psi1=psi0+dx

      if(niter.eq.1) print 110 ,0.,psi0

      do 20 ix=2,nstep

      x=dx*float(ix)

      psi2=2.*psi1-psi0 -2.*dx**2*( e-v(x-dx)) *psi1

      psi0=psi1

      psi1=psi2

      if(niter.eq.1)then

      if(ix.eq.kount)then

      print 110 ,x,psi2

      kount=kount+kp

      endif

      endif

20    continue

      print 100, e, psi2

      e=e+de

10    continue

100   format(1x,'e,psifinal=',2(3x,e13.6))

110   format(1x,'x,psi=',2(3x,e12.5))

      stop

      end

      function v(x)

      v= x**3

      return

      end

