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References:

1. Schaum's Outline of Numerical Analysis by Francis Scheid , chapter 16.
In Ref 1 the singular integral 

      I   =∫ f(x) dx    ≡   ∫   cos(x) ln(x) dx     ,              0 ≤ x  ≤ 1       (1) 

is computed . Expanding  cos(x) in a series in (1)  gives
I= -1  +    ∑n=1  (-1)n+1 /( (2n+1)2 (2n)! )  
 = -.946083                                                                                      (2)

In this note we integrate numerically using double precission an auxiliary integral,
F(λ) = ∫   cos(x) exp{λ ln(x)} dx  ,     0 ≤ x  ≤ 1  .                        (3)

The integral I is

I = (dF/dλ) = lim λ → 0  ∫    cos(x) exp{λ ln(x)} ln(x) dx                   (4)

We integrate (3) twice  with λ 1 =0 obtaining F(0) and with λ 2 =1.0E-8 

obtaining F(λ 2) , then  the approximate value of I is

I  ≈ ( F(λ 2) - F(λ 1)  )/( λ 2 -λ 1)  =   -0.946002E.
A Fortran code is given below.

cFORTRAN code

c singular integral  april 8 ,2008

      implicit real*8(a-h,o-z)

      dimension    aint(10)

      data nstep , xf/55000, 1.0d0/

      f(x)=dcos(x)*exp(al*dlog(x))

      dx=xf/dfloat(nstep)

      al= 0.d0

      da=1.d-8

      do 20 it=1,2

      sum=(dx/3.d0)*(0.d0+4.d0*f(dx)+f(2.d0*dx))

      do 10 i=3,nstep,2

      x=dx*dfloat(i)

c      sum=sum + (dx/2.d0)*(f(x)+f(x-dx))

      sum=sum+ (dx/3.d0)*(f(x-dx)+4.d0*f(x)+f(x+dx))

10    continue

      aint(it)=sum

      if(it.ge.2)print 100,al, nstep, (aint(it)-aint(it-1))/da

      al=al+da

20    continue

100   format('al=',e10.3,2x,'nstep=',i6, 3x,'int=',e13.6)

      stop

      end

      RUN

      al= 0.100E-07  nstep= 55000   int=-0.946002E+00

