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The problem of quark confinement using a linear potential in the Klein- Gordon equation is dealt with analytically in ref 1.

One conclusion is that a linear potential taken as  the fourth component of a Lorentz four vector does not provide confinement. In reference (2) we worked out explicitly  a numerical example of such a case.

The usual KG equation for a particle with angular momentum quantum number l is , where V goes along with E ,

-[ ∂2 /∂r2 + (2/r)  ∂/∂r - l (l+1)/r2] Ψ = { - c2  + ( E- V)2 /c2 } Ψ    (1)

In this note the potential V(r) is a Lorentz scalar. It will be carried along with the mass term which here appears as  –c2 . So the Klein-Gordon equation (1) will be written as

-[ ∂2 /∂r2 + (2/r)  ∂/∂r - l (l+1)/r2] Ψ = { -( c2  + V)2/c2  +   E2 /c2 } Ψ    
                                                                                                          (2)
Units and scales

m (proton mass) = 1.67E-27 kg     , c =3.00 E 8 m/s   , habar = 1.06 E-34 J-s

e=160 E-19 coul

The linear potential acting as a Lorentz scalar will be 

                                                       V(r ) = α r                               (3)
Eenergy scale = mc2 =  1.50E-10 joules  = 0.938GeV

Length scale  = hbar/(mc) = 2.12E-16 meters

Time scale = Length/c = hbar/mc2 = 7.05 E-25 seconds

frequency scale = 1/(time scale) = 1.42 E 24 Hz

Dimensions of the constant   α ~ energy scale /length scale  

 ~   7.08 E 5    joules/meter  = .938GeV/ length scale
In the example given below 
the constant α = .5    , i.e.     α = .5 (.938 GeV)/unitlength =.469 GeV/length

Run …with code b)
e(nonrel),phifinal=    0.980000E+00    0.829839E-01

e(nonrel),phifinal=    0.102000E+01   -0.390438E+01

e(nonrel),phifinal=    0.158000E+01   -0.773350E+03

e(nonrel),phifinal=    0.162000E+01    0.303370E+04

e(nonrel),phifinal=    0.202000E+01    0.212825E+07

e(nonrel),phifinal=    0.206000E+01   -0.117370E+07

e(nonrel),phifinal=    0.242000E+01   -0.255757E+10

e(nonrel),phifinal=    0.246000E+01    0.922589E+10

In ref 1. the problem is transformed into a semi oscillator but the wrong conclusion is reached concerning the eigenvalues.
The following code treats it a  semi oscillator.

The working equation is ( eq. 11’ from ref. 1 )

-(1/(2m)) d2 U/dρ2  + (1/2) K ρ2 U = E’ U          (4)

where ρ = m + αr  , K = 1/(m  α2 ) . In our units  m=1 and we see that the coordinate ρ starts at ρ= m=1   (when r=0) . Thus there is a wall at ρ=m and the eigenvalues are not given by 

    E’ = (n+1/2 ) ( K/m) 1/2 = (n+1/2 ) ( K) 1/2   
                                          = (n+1/2)/α       (since our m=1).

                                          =2n +1        (since α=0.5)

                                          = 1,3,5,7,9…                                    (5)

The E’ ( E prime ) is related to E in eq. (2) , see Ref. 1, by the relation

         E’ = E2 /( 2 α2)   or     E = α (2 E’ )1/2  .

Also   E non relativistic = En r = E – c2 = E -1   .
RUN with code a) ( compare with the above values)
                                  Enr                        E’
enr,eprime,phif=    0.950000E+00    0.760500E+01    0.176660E+01

enr,eprime,phif=    0.100000E+01    0.800000E+01   -0.160561E+01
enr,eprime,phif=    0.155000E+01    0.130050E+02   -0.175647E+04

enr,eprime,phif=    0.160000E+01    0.135200E+02    0.642703E+03
enr,eprime,phif=    0.205000E+01    0.186050E+02    0.175963E+06

enr,eprime,phif=    0.210000E+01    0.192200E+02   -0.135182E+08

enr,eprime,phif=    0.240000E+01    0.231200E+02   -0.378391E+10

enr,eprime,phif=    0.245000E+01    0.238050E+02    0.441514E+10
Certainly the E’sequence is way off the odd numbers 1,3,5,7…calculated in (5).

code a) Fortran code for the semi oscillator

c numerical determination of the  energy and eigenfunction for the

c Klein Gordon equation V=alfa*r  is used as a Lorentz scalar

      implicit real*8(a-h,o-z)

      real*8  mp

      data  niter, nstep /50 ,2000/

      data nprinc,al,ajtotal/1.d0,0.d0,0.5d0/

      data clight ,mp,hbar /3.d8,1.67D-27, 1.06D-34 /

      data c /1.d0/

      dimension phi(0:10000)

      pi=2.d0*dasin(1.d0)

      alfa=.5d0

      enri= .5d0

      enrf= 2.5d0

c      enri=39.d0

c      enrf=80.d0

      denr=(enrf-enri)/dfloat(niter)

      kp=int(float(nstep)/60.)

      enr=enri

      e=enr+c**2

c def of ebar eq (3) Budh Ram article AJP vol 50 ,(6) page 549

      ebar=(e**2 - c**4)/(2.d0*c**2)

      print*,'enr,e,ebar=', enr,e,ebar

      print*,'    '

      do 20 it=1,niter

c ri , rf limits of integration

      rf= 2.5d0*enr/alfa

c      rf=1.9d0*e/alfa

      ri=0.d0

      dr=(rf-ri)/dfloat(nstep)

      kount=kp

c L=0 Initial conditions

      if(al.eq.0.d0)then

      phi(0)=1.d0

      phi(1)=phi(0) -dr

      endif

c L=1 Initial conditions

      if(al.ge.1.d0)then

      phi(0)=0.d0

      phi(1)=phi(0) + dr

      endif

      if(niter.eq.1) print 150, ri ,phi(0)

      do 10 i =2,nstep

      r=ri+dr*dfloat(i)

      phi(i)=2.d0*phi(i-1)-phi(i-2) +dr**2*( -(2.d0/(r-dr))*

     $ (phi(i-1)-phi(i-2))/dr +al*(al+1.d0)*phi(i-1)/(r-dr)**2

     $ -g(r-dr,alfa,c,e)*phi(i-1) )

      if(niter.eq.1)then

      if(i.eq.kount)then

c      print 150, r , phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, enr , phi(nstep)

      if(niter.eq.1)call norm(phi,dr,nstep)

      if(niter.eq.1)call plotphi(phi,ri,dr,nstep,kp)

      if(niter.eq.1)call  plotvef(alfa,e,ebar,ri,dr,2*nstep,kp)

      enr=enr+denr

      e=enr+c**2

20    continue

      print*,'  '

100   format('e(nonrel),phifinal=',3(3x,d13.6))

150   format(1x,'r,phi(i)=',2(3x,d13.6))

      stop

      end

      function g(r,alfa,c,e)

      implicit real*8(a-h,o-z)

      v(r)= alfa*r

      g= -(c**2+v(r))**2/c**2 + ((E-0.d0*v(r))/c)**2

      return

      end

      subroutine norm(phi,dr,nstep)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      sum=0.d0

      do 10 i=1,nstep

      sum=sum+(dr/2.d0)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1.d0/sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      return

      end

      subroutine plotphi(phi,ri,dr,nstep,kp)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      print*,'  '

      print*,'phi plot'

      do 10 i=0,nstep,kp

      r=ri+dr*dfloat(i)

      print 100, r, phi(i)

10    continue

100   format(1x,'x, phi =',2(4x,d10.3))

      print 100, r, phi(nstep)

      return

      end

      subroutine plotvef(alfa,e,ebar,ri,dr,nstep,kp)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      veff(r)=(1.d0/2.d0)*(2.d0*e*alfa*r-(alfa*r)**2)

      print*,'  '

      print*,'plot veff'

      do 10 i=0,nstep,kp

      r=ri+dr*dfloat(i)

      print 100, r,ebar, veff(r)

10    continue

100   format(1x,'r,ebar, veff =',3(4x,d10.3))

      print 100, dr*dfloat(nstep),ebar, veff(dr*dfloat(nstep))

      return

      end

code b) Fortran code

c numerical determination of the  energy and eigenfunction for the

c Klein Gordon equation V=alfa*r  is used as a Lorentz scalar

      implicit real*8(a-h,o-z)

      real*8  mp

      data  niter, nstep /50 ,2000/

      data nprinc,al,ajtotal/1.d0,0.d0,0.5d0/

      data clight ,mp,hbar /3.d8,1.67D-27, 1.06D-34 /

      data c /1.d0/

      dimension phi(0:10000)

      pi=2.d0*dasin(1.d0)

      alfa=.5d0

      enri= .5d0

      enrf= 2.5d0

c      enri=39.d0

c      enrf=80.d0

      denr=(enrf-enri)/dfloat(niter)

      kp=int(float(nstep)/60.)

      enr=enri

      e=enr+c**2

c def of ebar eq (3) Budh Ram article AJP vol 50 ,(6) page 549

      ebar=(e**2 - c**4)/(2.d0*c**2)

      print*,'enr,e,ebar=', enr,e,ebar

      print*,'    '

      do 20 it=1,niter

c ri , rf limits of integration

      rf= 2.5d0*enr/alfa

c      rf=1.9d0*e/alfa

      ri=0.d0

      dr=(rf-ri)/dfloat(nstep)

      kount=kp

c L=0 Initial conditions

      if(al.eq.0.d0)then

      phi(0)=1.d0

      phi(1)=phi(0) -dr

      endif

c L=1 Initial conditions

      if(al.ge.1.d0)then

      phi(0)=0.d0

      phi(1)=phi(0) + dr

      endif

      if(niter.eq.1) print 150, ri ,phi(0)

      do 10 i =2,nstep

      r=ri+dr*dfloat(i)

      phi(i)=2.d0*phi(i-1)-phi(i-2) +dr**2*( -(2.d0/(r-dr))*

     $ (phi(i-1)-phi(i-2))/dr +al*(al+1.d0)*phi(i-1)/(r-dr)**2

     $ -g(r-dr,alfa,c,e)*phi(i-1) )

      if(niter.eq.1)then

      if(i.eq.kount)then

c      print 150, r , phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, enr , phi(nstep)

      if(niter.eq.1)call norm(phi,dr,nstep)

      if(niter.eq.1)call plotphi(phi,ri,dr,nstep,kp)

      if(niter.eq.1)call  plotvef(alfa,e,ebar,ri,dr,2*nstep,kp)

      enr=enr+denr

      e=enr+c**2

20    continue

      print*,'  '

100   format('e(nonrel),phifinal=',3(3x,d13.6))

150   format(1x,'r,phi(i)=',2(3x,d13.6))

      stop

      end

      function g(r,alfa,c,e)

      implicit real*8(a-h,o-z)

      v(r)= alfa*r

      g= -(c**2+v(r))**2/c**2 + ((E-0.d0*v(r))/c)**2

      return

      end

      subroutine norm(phi,dr,nstep)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      sum=0.d0

      do 10 i=1,nstep

      sum=sum+(dr/2.d0)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1.d0/sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      return

      end

      subroutine plotphi(phi,ri,dr,nstep,kp)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      print*,'  '

      print*,'phi plot'

      do 10 i=0,nstep,kp

      r=ri+dr*dfloat(i)

      print 100, r, phi(i)

10    continue

100   format(1x,'x, phi =',2(4x,d10.3))

      print 100, r, phi(nstep)

      return

      end

      subroutine plotvef(alfa,e,ebar,ri,dr,nstep,kp)

      implicit real*8(a-h,o-z)

      dimension phi(0:10000)

      veff(r)=(1.d0/2.d0)*(2.d0*e*alfa*r-(alfa*r)**2)

      print*,'  '

      print*,'plot veff'

      do 10 i=0,nstep,kp

      r=ri+dr*dfloat(i)

      print 100, r,ebar, veff(r)

10    continue

100   format(1x,'r,ebar, veff =',3(4x,d10.3))

      print 100, dr*dfloat(nstep),ebar, veff(dr*dfloat(nstep))

      return

      end

