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Given a Hamiltonian H and its corresponding eigenfunctions φn(x)exp(-iEnt) ,
the propagator K, in its simplest form, is the kernel of the integral equation 
                              Ψ(x,t)  =   ∫ K(x, x’; t, t’) Ψ(x’,t’) dx’                                        (1)

To show the explicit form of K ,consider the expansion of  an arbitrary Ψ(x,t)  that satisfies the same boundary conditions as the set of orthonormalized  φn(x) ,
                       Ψ(x,t) =  ∑ n cn φn(x) exp(-iEnt)                                                .    (2)

The coefficient cm is given by

                               cm = ∫ φ* m(x’) exp( +i Em t’)  Ψ(x’,t’) dx’                                 .     (3)    
Reinsert    cm in (2) and interchange the integral and summation procedures   to obtain  
                       Ψ(x,t) =   ∫  { ∑ n φ* n(x’) φ n(x) exp(-iEn (t –t’) ) }  Ψ(x’,t’) dx’
The propagator is
                                 K(x, x’; t, t’) = ∑ n  φ*n (x’) φn(x) exp(-iEn(t – t’ ) )         .       (4)
In part 1 ,we develop a FORTRAN code ( see below) to calculate K and perform the integral (1) for the particle in the box .

The eigenvalues are (hbar=1 , m=1 , L (length of the box) )

                           En = (π2 /(2L2) ) n2                                                              , (5)
and the eigenfunctions are ,
                             psi(x,t)=sqrt(2./length)*sin(k(1)*x)*exp(-imag*e(1)*t)
                       Ψn *(x,t) = ( 2/L)1/2 sin (kn x) exp(-iEn t)                 ,                (6)

where kn = n π/L .
In ref 5. the  initial wave ,was selected to be the ground state wave function  

                       Ψ1 *(x’, t’ =0) = ( 2/L)1/2 sin (k1 x) exp(-iEn t’)

                                               = (2/L)1/2 sin (k1 x)                                        (7)

The results are given in Figure 1.
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In this part 2 we select as the initial wave a  triangular unnormalized pulse 
Psi(x,t=0) =  2.*x             when     0 ≤ x≤ L/2                                                             (8)
                 = -2.*x +2.       when       L/2  ≤  x ≤  L
The first run with t1=0, t2=0 should reproduce the triangular wave. We use 20 terms (nmax) in the expansion of the propagator.The data is 
t1,t2=  0.  0.

x,real(sum),psi(x,t=0)=     0.000E+00     0.000E+00     0.000E+00

x,real(sum),psi(x,t=0)=     0.500E-01     0.883E-01     0.100E+00

x,real(sum),psi(x,t=0)=     0.100E+00     0.191E+00     0.200E+00

x,real(sum),psi(x,t=0)=     0.150E+00     0.289E+00     0.300E+00

x,real(sum),psi(x,t=0)=     0.200E+00     0.391E+00     0.400E+00

x,real(sum),psi(x,t=0)=     0.250E+00     0.490E+00     0.500E+00

x,real(sum),psi(x,t=0)=     0.300E+00     0.590E+00     0.600E+00

x,real(sum),psi(x,t=0)=     0.350E+00     0.690E+00     0.700E+00

x,real(sum),psi(x,t=0)=     0.400E+00     0.790E+00     0.800E+00

x,real(sum),psi(x,t=0)=     0.450E+00     0.891E+00     0.900E+00

x,real(sum),psi(x,t=0)=     0.500E+00     0.978E+00     0.100E+01

x,real(sum),psi(x,t=0)=     0.550E+00     0.914E+00     0.900E+00

x,real(sum),psi(x,t=0)=     0.600E+00     0.808E+00     0.800E+00

x,real(sum),psi(x,t=0)=     0.650E+00     0.711E+00     0.700E+00

x,real(sum),psi(x,t=0)=     0.700E+00     0.609E+00     0.600E+00

x,real(sum),psi(x,t=0)=     0.750E+00     0.511E+00     0.500E+00

x,real(sum),psi(x,t=0)=     0.800E+00     0.409E+00     0.400E+00

x,real(sum),psi(x,t=0)=     0.850E+00     0.311E+00     0.300E+00

x,real(sum),psi(x,t=0)=     0.900E+00     0.209E+00     0.200E+00

x,real(sum),psi(x,t=0)=     0.950E+00     0.112E+00     0.100E+00

x,real(sum),psi(x,t=0)=     0.100E+01    -0.650E-07     0.000E+00
Running the code for t1=0  and varying t2=0,1,2,3 gives the resutls shown in Figure 2.
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This problem is equivalent to that of the wave equation for a string with tied ends.
The wave equation is     ∂2 u /∂ x2 = (1/v2) ∂2 u /∂ t2  . The boundary condiditions are 

u(0,t)=u(L,t)=0 , the initial disaplecenment is the triangular shape given by (8)  and the initial speed is  

  (∂ u /∂ t)t=0  = 0 .
FORTRAN code
c propagator Math Analysis of Physical Problems P. R. Wallace

c Dover publications   page 474

c http://www.ks.uiuc.edu/Services/Class/PHYS480/P480-99b-1.pdf one dim

      complex Kprop

      complex  sum  ,imag

      real k , length

      data nmax,nstep/20,100/

      data t1,t2 /0.,0./

      data length ,nxstep/1., 20/

      e(n)=(pi**2/(2.*length**2))*float(n)**2

      k(n)=pi*float(n)/length

c      psi(x,t)=sqrt(2./length)*sin(k(1)*x)*exp(-imag*e(1)*t)

c      psi(x,t)=x*(1.-x)

      imag=cmplx(0.,1.)

c the integration goes from xi to xf

c x1 is the variable in the X integration , x2 is fixed

      xi=0.

      xf=length

      pi=2.*asin(1.)

      dx2=length/float(nxstep)

      print*,'t1,t2=',t1,t2

      print*,'  '

      do 20 ix=0,nxstep

      x2=0. + dx2*float(ix)

      sum=cmplx(0.,0.)

      dx=(xf-xi)/float(nstep)

c xprime is the integration variable from -"infinity"  to +infinity

      do 10 i=1, nstep

      x1=xi+dx*float(i)

      sum=sum+(dx/2.)*(Kprop(pi,Length,nmax,x1,x2,t1,t2)*psi(x1-dx,t1)

     $ + kprop(pi,Length,nmax,x1,x2,t1,t2)*psi(x1,t1)  )

10    continue

      print 100 ,x2 , real(sum)

20    continue

100   format('x,real(sum)=',2(4x,e10.3))

c      call plotpsi(t1,dx2,nxstep,1,length,pi)

      stop

      end

      complex function Kprop(pi,Length,nmax,x1,x2,t1,t2)

c declaration of a conjugate number z2=conj(z1)

c x1 integration variable , t1 initial instant

      real length ,k

      complex phi ,sum ,imag

      e(n)=(pi**2/(2.*length**2))*float(n)**2

      k(n)=float(n)*pi/length

      phi(x,t,i)=sqrt(2./length)*sin(k(n)*x)*exp(-imag*e(i)*t)

      imag=cmplx(0.,1.)

      sum=cmplx(0.,0.)

      do 10 n=1,nmax

      sum= sum +conjg(phi(x1,t1,n))*phi(x2,t2,n)

c      print*,'n,sum=',n, sum

10    continue

      kprop=sum

      return

      end

      function psi(x,t)

      real length

      length=1.

      if(x.le.length/2.)psi=2.*x

      if(x.gt.length/2.)psi= -2.*x +2.

      return

      end

      subroutine plotpsi(t1,dx2,nxstep,n,length,pi)

      real length ,k

      complex phi ,sum ,imag

      e(n)=(pi**2/(2.*length**2))*float(n)**2

      k(n)=float(n)*pi/length

      phi(x,t,i)=sqrt(2./length)*sin(k(n)*x)*exp(-imag*e(i)*t)

      do 10 i=0,nxstep

      x=dx2*float(i)

      print 100 , x, real(phi(x,t1,1))

10    continue

100   format(1x,'x,real(psi)=',2(3x,e10.3))

      return

      end

