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FORTRAN code given below
In this note we estimate first the ground state energy of helium using  an approximate perturbation expansion .

Second we allow a variational parameter and recalculate the total energy.
The basic results of time independent perturbation for non degenerate states are summarized by equations I- III.
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For helium ground state

   V(r) ≡  Φ(r)  ≈ ∫ { Ψ1s 2( r ‘) / abs( r – r’)   } dτ’      (  1 )

where Ψ1s = ( Z3/π  )1/2 exp(-Zr).

Φ(r)  = (4Z3 /r) { (1/(4 Z3) – exp(-2Zr) [ r/(4 Z2) + 1/(4 Z3)] }   (  2 )

a) first order perturbation ( no variational method yet)

e1s = (Z2 /2 – Z2) + ε1 

    = -Z2/2 + ∫ Ψ1s 2( r ) Φ(r)  dτ   

    = -2 + 1.25 = -0.75 

Etotal = 2 e1s - ∫ Ψ1s 2( r ) Φ(r)  dτ   

        = 2(-0.75)  - 1.25 = -2.75 au
b) second order perturbation : Again ,fix Z=2 all throughout the perturbation calculation.
The orbital energy is

e1s = (Z2 /2 – Z2) + ε1 + ε2
     ≈ -Z2/2   + ∫ Ψ1s 2( r ) Φ(r)  dτ   +   ∫ Ψ1s Φ(r) Ψ2s dτ }2 /( E1s –E2s )        
                                                     +  ∫ Ψ1s Φ(r) Ψ3s dτ }2 /( E1s –E3s )     . (3)

=-2. +1.24950659 + (   -0.022263553 -0.00436701206  )
=  -0.777123988
The total energy is

Etotal = 2 ε orbital - ∫ Ψ1s 2( r ) Φ(r)  dτ                                      (4)

Expression (4) is not self consistent because both ,Ψ1s 2( r ) and Φ(r) depend on the unperturbed wave function.

From (4)

Etotal = 2(-0.777123988) -1.24950659
        =-2.8038                                                                      (5)
The results are summarized in this RUN
eorbital= -0.777123988

 ve1s1s,cor1s2s,cor1s3s=  1.24950659 -0.022263553 -0.00436701206

  z (variational), Etotal=     0.20000E+01    -0.28038E+01

c) second order perturbation plus varional method: let Z be the variational parameter and  the nuclear charge (fixed)  Znuclear = 2 . 
We use again the corrections to ε1s coming from 2s and 3s state

e1s = (Z2 /2 – Z2) + ε1 + ε2
     ≈ -Z2/2   + ∫ Ψ1s 2( r ) Φ(r)  dτ   +   ∫ Ψ1s Φ(r) Ψ2s dτ }2 /( E1s –E2s )        
                                                     +  ∫ Ψ1s Φ(r) Ψ3s dτ }2 /( E1s –E3s )     
The results are 

  z (variational), Etotal=     0.20000E+01    -0.28038E+01

  z (variational), Etotal=     0.19700E+01    -0.28200E+01

  z (variational), Etotal=     0.19400E+01    -0.28345E+01

  z (variational), Etotal=     0.19100E+01    -0.28473E+01

  z (variational), Etotal=     0.18800E+01    -0.28583E+01

  z (variational), Etotal=     0.18500E+01    -0.28675E+01

  z (variational), Etotal=     0.18200E+01    -0.28750E+01

  z (variational), Etotal=     0.17900E+01    -0.28807E+01

  z (variational), Etotal=     0.17600E+01    -0.28847E+01

  z (variational), Etotal=     0.17300E+01    -0.28868E+01

  z (variational), Etotal=     0.17000E+01    -0.28873E+01

  z (variational), Etotal=     0.16700E+01    -0.28859E+01

  z (variational), Etotal=     0.16400E+01    -0.28828E+01

  z (variational), Etotal=     0.16100E+01    -0.28779E+01

  z (variational), Etotal=     0.15800E+01    -0.28712E+01

  z (variational), Etotal=     0.15500E+01    -0.28628E+01

  z (variational), Etotal=     0.15200E+01    -0.28526E+01

  z (variational), Etotal=     0.14900E+01    -0.28406E+01

  z (variational), Etotal=     0.14600E+01    -0.28268E+01

  z (variational), Etotal=     0.14300E+01    -0.28113E+01
The minimum value for the total energy  -2.8873 au. when Z=1.7000
[image: image5.emf]E total (limited  2 order)

-2.9

-2.89

-2.88

-2.87

-2.86

-2.85

-2.84

-2.83

-2.82

-2.81

-2.8

-2.79

1.5 1.6 1.7 1.8 1.9 2

z (variational)

E(au)

Series1


Fortran code ( Perturbation plus variational calculation)

c helium perturbation theory    may 11 , 2008

      data Z,znuc, epsi, nstep/2.,2., 1.e-4,3000/

      data iter/20/

      ezero(n)=(1./float(n)**2)*(z**2/2.-znuc*z)

      pi=2.*asin(1.)

      dz= (z-1.4)/float(iter)

      do 10 iz=1,iter

      rf=5.9/z

      call vee1s1s(z,pi,rf,epsi,nstep,ve1s1s)

      call vee1s2s(z,pi,rf,epsi,nstep,ve1s2s)

c      cor1s2s =ve1s2s**2/(-Znuc**2/2. +Znuc**2/8.)

      cor1s2s =ve1s2s**2/(ezero(1) -ezero(2))

      call vee1s3s(z,pi,rf,epsi,nstep,ve1s3s)

c      cor1s3s=ve1s3s**2/(-Znuc**2/2. +Znuc**2/18.)

      cor1s3s=ve1s3s**2/(ezero(1)-ezero(3))

c      print*,'ve1s1s,cor1s2s,cor1s3s=',ve1s1s,cor1s2s,cor1s3s

      eorb= (z**2/2.-znuc*z)+ ve1s1s+cor1s2s+cor1s3s

      et= 2.*eorb - ve1s1s

      print 100,z, et

c      print*,'   '

      z=z-dz

10    continue

100   format(2x,'z (variational), Etotal=',2(4x,e12.5))

      stop

      end

      subroutine  vee1s1s(z,pi,rf,epsi,nstep,sum)

      phi(r)=(4.*Z**3/(r+epsi))* (  1./(4.*Z**3) - exp(-2.*Z*r)*

     $ ( r/(4.*Z**2) + 1./(4.*Z**3)) )

      psi1s(r)=sqrt(z**3/pi)*exp(-z*r)

      f(r)=psi1s(r)**2*phi(r)*4.*pi*r**2

      sum=0.

      dr=rf/float(nstep)

      do 10 i=1,nstep

      r=dr*float(i)

      sum=sum+(dr/2.)* (f(r) +f(r-dr))

10    continue

      return

      end

      subroutine  vee1s2s(z,pi,rf,epsi,nstep,sum)

      phi(r)=(4.*Z**3/(r+epsi))* (  1./(4.*Z**3) - exp(-2.*Z*r)*

     $ ( r/(4.*Z**2) + 1./(4.*Z**3)) )

      psi1s(r)=sqrt(z**3/pi)*exp(-z*r)

      psi2s(r)=.25*sqrt(z**3/(2.*pi))*(2.-z*r)*exp(-z*r/2.)

      f(r)=psi2s(r)*psi1s(r)*phi(r)*4.*pi*r**2

      sum=0.

      dr=rf/float(nstep)

      do 10 i=1,nstep

      r=dr*float(i)

      sum=sum+(dr/2.)* (f(r) +f(r-dr))

10    continue

      return

      end

      subroutine  vee1s3s(z,pi,rf,epsi,nstep,sum)

      phi(r)=(4.*Z**3/(r+epsi))* (  1./(4.*Z**3) - exp(-2.*Z*r)*

     $ ( r/(4.*Z**2) + 1./(4.*Z**3)) )

      psi1s(r)=sqrt(z**3/pi)*exp(-z*r)

      psi3s(r)=(1./81)*sqrt(Z**3/(3.*pi))*(27.-18.*Z*r+2.*(z*r)**2)*

     $exp(-z*r/3.)

      f(r)=psi3s(r)*psi1s(r)*phi(r)*4.*pi*r**2

      sum=0.

      dr=rf/float(nstep)

      do 10 i=1,nstep

      r=dr*float(i)

      sum=sum+(dr/2.)* (f(r) +f(r-dr))

10    continue

      return

      end

