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The basic results of time independent perturbation for non degenerate states are summarized by equations I- III.
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Time independent perturbation theory is presented here and applied  in a very explicit context, that of the helium atom ground state.

We will use the example of helium to find explicit  expressions for the first and second order correction to the energy and also the first order correction to the wave function.

From these particular results one generalizes for a more abstract situation.

This approach is the opposite to what is usually presented in quantum mechanics textbooks.
Take helium in the ground state where both electrons have  an orbital very much like  Ψ1S hydrogenic.
The one electron equation in helium (Z=2)
is of the form (in atomic units) 

          {-(1/2) ∆ - Z/r + Φ(r) }Ψ (r) = ε  Ψ (r)                      (1-a)

                        {  H0 + Φ(r) }Ψ (r) = ε  Ψ (r)                       (1-b)
where  H0= = -(1/2) ∆ - Z/r   ,   ∆  is Laplace operator and
                        Φ(r) = ∫ { Ψ 2( r ‘) / abs( r – r’)   } dτ’      .   (2) 

The total energy of helium ground state is

Etotal = 2ε -  ∫ { Ψ 2( r ) Φ(r)  dτ                                         (3)                            
The potential  Φ(r) brings up the question of self consistency because the unknown function Ψ in (1) also appears in the integral. 

As a first approximation one could use in (2) 

                        Φ(r) ≈ ∫ { Ψ1s 2( r ‘) / abs( r – r’)   } dτ’      (4)

where Ψ1s = ( Z3/π  )1/2 exp(-Zr).
We assume that the electron is in the ground state . The exact wave function for eq (1) is of the form

Ψ(r) = Ψ1s +  c2 Ψ2s + c3 Ψ3s + c4 Ψ4s +…..cn Ψns                (5)

        = Ψ1s +  ∑ n≠1  cn Ψns                                                         

Substitute (5) in eq (1)

{  H0 + Φ(r) }( Ψ1s +  ∑ n≠1  cn Ψns ) =

                ( ε0  +  ε1 +  ε2 )(  Ψ1s +  ∑ n≠1  cn Ψns )         (6)
The energy has been split in three terms  ,

E1s0= ε0 = – Z2/2  ( ground state of a hydrogenic electron with no perturbation ),

ε1   first order correction to the energy,

ε2   second  order correction to the energy.

We have to say something about the nomenclature of approximation orders.

H0  , Ψ1s   are zero order terms
Φ(r) ~ fisrt order term

cn Ψns ~ first order terms.

Collecting in (5) the zero order terms gives ,

H0  Ψ1s   = ε0 Ψ1s                                                            
The first order terms give 

H0 ∑ n≠1  cn Ψns + Φ(r)  Ψ1s = ε0  ∑ n≠1  cn Ψns + ε1 Ψ1s    (7)

Two formulas are obtained from (7).

Multiply (7) by  Ψ1s and recalling that they are an orthonormalized set gives 

           ε1 = ∫ Ψ1s Φ(r)  Ψ1s  dτ                 ,                      (8)

which is equivalent to eq. I at the beginning.

Multplying  (7) ,now by Ψp s (where p≠ 1) and integrating gives

cp Eps  + ∫ Ψps Φ(r)  Ψ1s  dτ   =  ε0   cp  
cp =   ∫ Ψps Φ(r) Ψ1s  dτ   /( E1s -Eps )        .              (9)   
This corresponds to the coefficient appearing in eq II.  
Again      Eps = - Z2 /(2 p2 )   and  E1s =  - Z2 /2      .
To derive the expression for ε2 , collect the second order terms in (6) ,
 Φ(r)  ∑ n≠1  cn Ψns  = ε2   Ψ1s   + ε1  ∑ n≠1  cn Ψns  .
Multiply by Ψ1s and integrate to get 

ε2  =      ∑ n≠1  cn  ∫ Ψ1s Φ(r) Ψns dτ  . Using (9) 

ε2  =   ∑ n≠1  { ∫ Ψ1s Φ(r) Ψns dτ }2 /( E1s –Ens )        (10)

which corresponds to the third term in eq. III.
