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9. One dimensional hydrogen molecule ( Part 1)
In Part 1 (ref. 9.)  we showed the numerical procedure adequate to obtain 

the sole eigenstate of a delta function potential.

 The solution of 

  { -(1/2) d2 /dx2  - Zδ(x)   } φ(x)  = ε φ(x)                         (1)

whose  energy is ε = - Z2 /2  , was obtained by integrating from
xinitial = - 4./Z  to   xfinal = + 4./Z

In the second note  we show how to  treat numerically the one dimensional H2 molecule obtaining two energies and their wave functions corresponding to the symmetric and antisymmetric states. A FORTAN code is given.

Consider two fixed nuclei (withZ=1) , fixed at x= +a , x= -a.

We neglect electron- electron repulsion and consider the attractive potential to be of a delta type. The Hamiltonian is
H= -(1/2) d2 /dx12  -  (1/2) d2 /dx22  

      - Z δ(x1 –a)    - Z δ (x1+a)   - Z δ (x2 –a)   - Z δ (x2+a)              (1)
Let Ψ(x1, x2) =  φ(x1) φ(x2)  . The one electron equation is

  { -(1/2) d2 /dx2 - Z δ (x1 –a)  - Zδ( x1+a)} φ(x)  = ε φ(x)  .    (2)

We find the  solution to (2) writing the DE as a finite difference
phi(i)=2.*phi(i-1)-phi(i-2)

      -2.*dx**2*(-vnuc(x-dx,a,z,dx)*phi(i-1) + e*phi(i-1) )
Give the atoms separation of   2a= 1. First the integration is carried from 

xi= -(a + 1./z) to    xf = a + 1./z  and the first eigenvalue is found.
      xi=-xf

The initial conditions are  φ( xi ) =0.  , dφ(xi) /dx  =1.
The follwing output shows an eigenvalue at about

ε = - .459 au

Run

e,phifinal=   -0.480E+00    0.129E+00

 e,phifinal=   -0.466E+00    0.363E-01

 e,phifinal=   -0.452E+00   -0.409E-01

 e,phifinal=   -0.438E+00   -0.973E-01

 e,phifinal=   -0.424E+00   -0.142E+00
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Fig. 1 Symmetric state , e= -.459 au .
The following run has larger  integration limits

xi = - ( a + 3./z )  , xf=a + 3./z  . It shows a second eigenvalue at about
ε = - .308 au

e,phifinal=   -0.336E+00   -0.451E+01

 e,phifinal=   -0.328E+00   -0.315E+01

 e,phifinal=   -0.320E+00   -0.180E+01

 e,phifinal=   -0.312E+00   -0.518E+00

 e,phifinal=   -0.304E+00    0.789E+00

 e,phifinal=   -0.296E+00    0.203E+01

 e,phifinal=   -0.288E+00    0.322E+01
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Fig 2. Antisymmetric state , e= -.308 au .
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Fig 3. The potential Plot.
FORTRAN code

c H2 molecule one diemsional with delta function potentials

c  AJP v43 p.790  1975 length of molecule =2.*a

      data a ,z,  niter, nstep /1.,1.,1 ,4990/

      dimension phi(0:5000)

      elapd(beta)=-(1.+(4.+2.*beta + beta**2)*exp(-2.*beta))/

     $ (1.+(1.+beta)**2*exp(-2.*beta) )

      beta=2.*a

      ei=-.308

      efinal=-.2

      de=(efinal-ei)/float(niter)

      kp=int(float(nstep)/80.)

      e=ei

c  to pick symmetric state  let xf=a + 1./z

c to pick antisymmetric state  let xf=a+ 3./z

      xf=a + 3./z

      xi=-xf

      dx=(xf-xi)/float(nstep)

      do 20 it=1,niter

      kount=kp

      phi(0)=0.

       phi(1)=phi(0)+dx

c      phi(0)=1.

c      phi(1)=phi(0)-dx

      if(niter.eq.1) print 150, xi ,phi(0)

      do 10 i =2,nstep

      x=xi+dx*float(i)

c the delta function potential for Vee gives rise to phi(i-1)**3 term

      phi(i)=2.*phi(i-1)-phi(i-2)

     $ -2.*dx**2*(-vnuc(x-dx,a,z,dx)*phi(i-1)

     $  + e*phi(i-1))

      if(niter.eq.1)then

      if(i.eq.kount)then

c      print 150, x,phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, e , phi(nstep)

      e=e+de

20    continue

      print*,'  '

      if(niter.eq.1)call norm(phi,xi,dx,nstep)

      if(niter.eq.1)call plotphi(phi,xi,dx,nstep,kp)

      if(niter.eq.1)call vrep(phi,xi,dx,nstep,ajc)

      if(niter.eq.1)then

      print*,'   '

      print*,'ei,ajc,1./(2.*a)=', ei,ajc,1./(2.*a)

      print*,'2.*ei+ajc,2.*ei+ajc +1./(2.*a) =   ',2.*ei + ajc , 2.*ei +

     $  ajc+1./(2.*a)

      print*,'beta,elapd(r)=',beta, elapd(beta)

      endif

100   format(1x,'e,phifinal=',2(3x,e10.3))

150   format(1x,'x,phi(i)=',2(3x,e10.3))

160   format(1x,'x , phi ,vnuc=',3(2x,e10.3))

      stop

      end

      function vnuc(x,a,z,dx)

      if(x.lt.-a-dx)vnuc=0.

      if(x.ge.-a-dx.and.x.le.-a+dx)vnuc=-Z/(2.*dx)

      if(x.gt.-a+dx.and.x.lt.a-dx)vnuc=0.

      if(x.ge.a-dx.and.x.le.a+dx)vnuc=-Z/(2.*dx)

      if(x.gt.a+dx)vnuc=0.

      return

      end

      subroutine norm(phi,xi,dx,nstep)

      dimension phi(0:5000)

      sum=0.

      do 10 i=1,nstep

      x=xi+dx*float(i)

      sum=sum+(dx/2.)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1./sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      return

      end

      subroutine vrep(phi,xi,dx,nstep,ajc)

      dimension phi(0:5000)

      sum=0.

      do 10 i=1,nstep

      x=xi+dx*float(i)

      sum=sum+(dx/2.)*(phi(i)**4 +phi(i-1)**4)

10    continue

      ajc=sum

      return

      end

      subroutine plotphi(phi,xi,dx,nstep,kp)

      dimension phi(0:5000)

      print*,'  '

      print*,'phi plot'

      do 10 i=0,nstep,kp

      x=xi+dx*float(i)

      print 100, x, phi(i)

10    continue

100   format(1x,'x, phi =',2(4x,e10.3))

      print 100, x, phi(nstep)

      return

      end

To be continued.

