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7. One dimensional model for helium
8. Lithium with Vee delta function potentials
In this note  we show how to  treat numerically the one dimensional H2 molecule obtainig two energies and their wave functions corresponding to the symmetric and antisymmetric states. A FORTAN code is given.

Consider two fixed nuclei (withZ=1) , fixed at x= +a , x= -a.

We neglect electron- electron repulsion and consider the attractive potential to be of a delta type. The Hamiltonian is
H= -(1/2) d2 /dx12  -  (1/2) d2 /dx22  

      - Zδ(x1 –a)    - Zδ (x1+a)   - Zδ (x2 –a)   - Zδ (x2+a)              (1)
Let Ψ(x1, x2) =  φ(x1) φ(x2)  . The one electron equation is

  { -(1/2) d2 /dx2 - Zδ (x1 –a)  - Zδ (x1+a)} φ(x)  = ε φ(x)  .    (2)

Figure one shows the delta function potentials.

A single delta function potential  –Zδ(x) has only one  bounded state.

It is the solution of 

  { -(1/2) d2 /dx2  - Zδ(x)   } φ(x)  = ε φ(x)                         (3)
and its energy is ε = - Z2 /2 .

Near the origin the solution of (3) has to be of the form 

      φ(x) = A exp(-kx)   when  x > 0                                    (4)

      φ(x) = A exp(kx)    when  x < 0    .
Integrating (3) around the origin   -∆ ≤ x ≤ +∆   gives

∫  -(1/2){ d2 φ(x)  /dx2) dx   - Z φ(0)  = ε φ(0)  2 ∆         , or

-(1/2) { d φ(x) /dx)x = ∆   - d φ(x) /dx)x = -∆ } 

                      = Z φ(0)   + ε φ(0) 2 ∆  

As  ∆ → 0 we get

-(1/2) (-2k)  φ(0)   = Z  φ(0)                                      ,   
                             k= Z                                             ,          (5)

hence k =Z  . The wave number k is equal to the strength ( Z ) of the delta function potential.                     
Evaluating  eq(3) at x = ∆ , where ∆ is small but not zero we obtain the energy eigenvalue 

-(1/2) k2 φ(∆)  - Z Zδ(∆ )φ(∆)   = ε φ(∆)      ,

   -(Z2/2) φ(∆)  - 0                      = ε φ(∆)    . 

Thus   ε = -Z2/2.
We find the  solution to (3) numerically ,before passing to the 

case of two delta potentials. Code 1 is used.
We take   Z=1  .   The eigenvalue should be – Z2/2= -.5. 
The intial values are   φ( xi = -4./Z ) =0.  , d φ(xi) /dx  =1.

We integrate the finite difference equation 
phi(i)=2.*phi(i-1)-phi(i-2)

     $ -2.*dx**2*(-vnuc(x-dx,z,dx)*phi(i-1) + e*phi(i-1))
up to   xfinal = + 4./Z . The change of sign of that final value of φ indicates when the assumed value of ε is near an eigenvalue.

The Run given below shows that when ε is  between -.500 and .495 the asymptotic wavefunction is changing from 0.238E+01  to

 -0.505E+01.
e,phifinal=   -0.600E+00    0.257E+03

 e,phifinal=   -0.595E+00    0.238E+03

 e,phifinal=   -0.590E+00    0.221E+03

 e,phifinal=   -0.585E+00    0.202E+03

 e,phifinal=   -0.580E+00    0.186E+03

 e,phifinal=   -0.575E+00    0.170E+03

 e,phifinal=   -0.570E+00    0.155E+03

 e,phifinal=   -0.565E+00    0.141E+03

 e,phifinal=   -0.560E+00    0.126E+03

 e,phifinal=   -0.555E+00    0.113E+03

 e,phifinal=   -0.550E+00    0.100E+03

 e,phifinal=   -0.545E+00    0.881E+02

 e,phifinal=   -0.540E+00    0.767E+02

 e,phifinal=   -0.535E+00    0.654E+02

 e,phifinal=   -0.530E+00    0.548E+02

 e,phifinal=   -0.525E+00    0.449E+02

 e,phifinal=   -0.520E+00    0.356E+02

 e,phifinal=   -0.515E+00    0.266E+02

 e,phifinal=   -0.510E+00    0.178E+02

 e,phifinal=   -0.505E+00    0.985E+01

 e,phifinal=   -0.500E+00    0.238E+01

 e,phifinal=   -0.495E+00   -0.505E+01

 e,phifinal=   -0.490E+00   -0.119E+02

 e,phifinal=   -0.485E+00   -0.184E+02

 e,phifinal=   -0.480E+00   -0.246E+02

 e,phifinal=   -0.475E+00   -0.303E+02

 e,phifinal=   -0.470E+00   -0.359E+02

 e,phifinal=   -0.465E+00   -0.410E+02

 e,phifinal=   -0.460E+00   -0.457E+02

 e,phifinal=   -0.455E+00   -0.501E+02

 e,phifinal=   -0.450E+00   -0.544E+02

 e,phifinal=   -0.445E+00   -0.583E+02

 e,phifinal=   -0.440E+00   -0.620E+02

 e,phifinal=   -0.435E+00   -0.654E+02

 e,phifinal=   -0.430E+00   -0.685E+02

 e,phifinal=   -0.425E+00   -0.713E+02

 e,phifinal=   -0.420E+00   -0.740E+02

 e,phifinal=   -0.415E+00   -0.766E+02

 e,phifinal=   -0.410E+00   -0.787E+02

 e,phifinal=   -0.405E+00   -0.807E+02
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Figure 1. Wave function for the potencial  - Zδ(x) . 
code  1.

FORTRAN code – eigenvalue of a single delta function potential
c numerical determination of the  energy and eigenfunction of a single

c delta function potential

      data z,  niter, nstep /1.,1 ,4990/

      dimension phi(0:5000)

      ei=-.5

      efinal=-.40

      de=(efinal-ei)/float(niter)

      kp=int(float(nstep)/60.)

      e=ei

c  to pick symmetric state  let xf=a + 1./z

c to pick antisymmetric state  let xf=a+ 3./z

      xf= 4./z

      xi=-xf

      dx=(xf-xi)/float(nstep)

      do 20 it=1,niter

      kount=kp

      phi(0)=0.

      phi(1)=phi(0)+dx

      if(niter.eq.1) print 150, xi ,phi(0)

      do 10 i =2,nstep

      x=xi+dx*float(i)

      phi(i)=2.*phi(i-1)-phi(i-2)

     $ -2.*dx**2*(-vnuc(x-dx,z,dx)*phi(i-1) + e*phi(i-1))

      if(niter.eq.1)then

      if(i.eq.kount)then

c      print 150, x,phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, e , phi(nstep)

      e=e+de

20    continue

      print*,'  '

      if(niter.eq.1)call norm(phi,xi,dx,nstep)

      if(niter.eq.1)call plotphi(phi,xi,dx,nstep,kp)

100   format(1x,'e,phifinal=',2(3x,e10.3))

150   format(1x,'x,phi(i)=',2(3x,e10.3))

      stop

      end

      function vnuc(x,z,dx)

      if(x.lt.-dx)vnuc=0.

      if(x.ge.-dx.and.x.le.+dx)vnuc=-Z/(2.*dx)

      if(x.gt.+dx)vnuc=0.

      return

      end

      subroutine norm(phi,xi,dx,nstep)

      dimension phi(0:5000)

      sum=0.

      do 10 i=1,nstep

      sum=sum+(dx/2.)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1./sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      return

      end

      subroutine plotphi(phi,xi,dx,nstep,kp)

      dimension phi(0:5000)

      print*,'  '

      print*,'phi plot'

      do 10 i=0,nstep,kp

      x=xi+dx*float(i)

      print 100, x, phi(i)

10    continue

100   format(1x,'x, phi =',2(4x,e10.3))

      print 100, x, phi(nstep)

      return

      end
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To be continued.
