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In references 3 and 4  the ground state energy of helium atom is estimated numerically using first a delta function potentials for all interactions (ref 3) and then in ref. 4 using Vnuc = – Z/abs(x) while retaining the delta function for the electron-electron repulsion.

In this note we modify the nuclear potential to be 
                           Vnuc = – Z/x         x ≥ 0                             (1)

with an infinte wall Vnuc = ∞  for   x ≤ 0. We retain the delta function potential for the electron-electron interaction. 

Our Hamiltonian is 
H = -(1/2) d2 /dx12  -(1/2) d2 /dx22 + -Z/ x1  -  Z / x2 + δ (x1 – x2)        (1)

Assuming 

Ψ(x1 ,x2)  =  φ( x1)  φ (x2)                                                                    (2)

and applying perturbation theory we have the one particle equation
 { -(1/2) d2 φ( x1) /dx12  -Z /x1 } φ( x1) = ε  φ( x1)                               (4)
The electron-electron potential δ (x1 – x2)   is treated as a perturbation.

The total energy is

E = 2 ε +   ∫ φ( x1)2  δ (x1 – x2) φ( x2)2  dx1 dx2
    =  2 ε +   ∫ φ( x)4  dx                          .                                (5)

In our numerical code we assume that φinitial =0  and  (dφ /dx)initial=1.
The DE is converted to a finite difference equation 

  phi(i)=2.*phi(i-1)-phi(i-2)-2.*dx**2*(-vn*phi(i-1)

       + e*phi(i-1))

and integrated figuratively from  “ 0  to  +∞ ” . The eigenvalues are detected when the asymptotic φ( x) , at x= +∞ ,  changes sign.
We find eigenvalues at ε = -2., -.5  ,  - .222   au,  i.e  at –Z2 / n2 

RUN

e,phifinal=   -0.210E+01    0.517E+00

 e,phifinal=   -0.207E+01    0.360E+00

 e,phifinal=   -0.203E+01    0.192E+00

 e,phifinal=   -0.200E+01    0.332E-02

 e,phifinal=   -0.197E+01   -0.200E+00

 e,phifinal=   -0.193E+01   -0.420E+00

 e,phifinal=   -0.190E+01   -0.666E+00

 e,phifinal=   -0.187E+01   -0.932E+00

 e,phifinal=   -0.183E+01   -0.122E+01

 e,phifinal=   -0.180E+01   -0.154E+01

 e,phifinal=   -0.177E+01   -0.189E+01

 e,phifinal=   -0.173E+01   -0.228E+01

 e,phifinal=   -0.170E+01   -0.270E+01

.......

e,phifinal=   -0.533E+00   -0.492E+02

 e,phifinal=   -0.500E+00   -0.352E-01

 e,phifinal=   -0.467E+00    0.888E+02

 e,phifinal=   -0.433E+00    0.243E+03

 e,phifinal=   -0.400E+00    0.503E+03

.........

e,phifinal=   -0.300E+00    0.253E+04

 e,phifinal=   -0.267E+00    0.338E+04

 e,phifinal=   -0.233E+00    0.206E+04

 e,phifinal=   -0.200E+00   -0.104E+05

 e,phifinal=   -0.167E+00   -0.626E+05

 e,phifinal=   -0.133E+00   -0.106E+06

Letting ε = -2  and  normalizing φ( x)  gives 
2.*e,ajc,2,*e+ajc= -4.  0.749635994 -3.25036407

Vee = ∫ φ( x)4  dx = 0.749635994
and the ground state energy estimate is 
E = 2(-2.) + Vee = -3.25036407 au
The total energy in the Hartree Fock is -2.8617 au

Two Plots of Psi are shown   for the first two solutions of eq (4),resulting  from Vnuclear = -Z /x and Vee = δ (x1 – x2).
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Figure 1.
[image: image5.emf]E=-.5

-4.00E-01

-3.00E-01

-2.00E-01

-1.00E-01

0.00E+00

1.00E-01

2.00E-01

0 1 2 3 4 5 6 7 8 9 10

x (au)

Psi

Series1


Figure 2.
FORTRAN code
c helium with delta function potentials AJP v44 p.886  1976

      data z, niter, nstep /2.,1,4000/

      dimension phi(0:5000)

      ei=-2.

      efinal=-.1

      de=(efinal-ei)/float(niter)

      kp=int(float(nstep)/60.)

      e=ei

      do 20 it=1,niter

      xf=3.5*(-z/e)

      xi=0.

      dx=(xf-xi)/float(nstep)

      kount=kp

      phi(0)=0.

      phi(1)=phi(0)+dx

c      print 150, xi ,phi(0)

      do 10 i =2,nstep

      x=xi+dx*float(i)

      phi(i)=2.*phi(i-1)-phi(i-2)-2.*dx**2*(-vnuc(z,x-dx,dx)*phi(i-1)

     $ -0.*phi(i-1)**3  + e*phi(i-1))

c      if(abs(phi(i)).ge.1.e1)goto 10

c      print 160 ,x,phi(i),vnuc(x-dx,dx)

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 150, x,phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, e , phi(nstep)

      e=e+de

20    continue

c      print*,'  '

      if(niter.eq.1)call norm(phi,xi,dx,nstep,ajc)

      if(niter.eq.1)print*,'2.*e,ajc,2,*e+ajc=',2.*ei ,ajc ,2.*ei+ajc

c      call  phia(.5,1.,xi,dx,nstep,kp)

100   format(1x,'e,phifinal=',2(3x,e10.3))

150   format(1x,'x,phi(i)=',2(3x,e10.3))

160   format(1x,'x , phi ,vnuc=',3(2x,e10.3))

      stop

      end

      function vnuc(z,x,dx)

      vnuc=-z/x

c      if(abs(x).gt.dx)vnuc= -z/abs(x)

c      if(abs(x).gt.dx)vnuc= 0.

c      if(abs(x).le.dx)vnuc=-z/(2.*dx)

      return

      end

      subroutine phia(alpha,beta,xi,dx,nstep,kp)

      phi(x)=exp(-beta*abs(x))/( 1.-alpha**2*exp(-2.*beta*abs(x)) )

      do 10 i=0,nstep,kp

      x=xi+dx*float(i)

      print 100,x , phi(x)

10    continue

100   format(1x,'x,phia=',2(4x,e10.3))

      return

      end

      subroutine norm(phi,xi,dx,nstep,ajc)

      dimension phi(0:5000)

      sum=0.

      do 10 i=1,nstep

      x=xi+dx*float(i)

      sum=sum+(dx/2.)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1./sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      ajc=0.

      do 30 i=1,nstep

      ajc=ajc + (dx/2.)*(phi(i)**4 +phi(i-1)**4 )

30    continue

      return

      end

QED.
