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1. Hartree–Fock approximation for the one-dimensional ''helium atom''  
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One dimensional atomic problems with delta function potentials have received wide attention in references 1 ,2 and elsewhere.

In this note we treat numerically the problem of helium using delta function potentials between all particles. A FORTTRAN code is given below.
In atomic units the Hamiltonian is

H = -(1/2) d2 /dx12  -(1/2) d2 /dx22 + -Z δ(x1 ) -  Z δ( x2) + δ (x1 – x2)        (1)

Assuming 

Ψ(x1 ,x2)  =  φ( x1)  φ (x2)                                                                    (2)

and applying perturbation theory we have the one particle equation
-(1/2) d2 φ( x1) /dx12  -Z δ(x1 ) φ( x1) = ε  φ( x1)                               (3)
The potential δ (x1 – x2)   is treated as a perturbation.

The total energy is

E = 2 ε +   ∫ φ( x1)2  δ (x1 – x2) φ( x2)2  dx1 dx2
    =  2 ε +   ∫ φ( x)4  dx                          .                                (4)

In our numerical code we assume that φinitial =0  and  (dφ /dx)initial=1.
The DE is converted to a finite difference equation 

  phi(i)=2.*phi(i-1)-phi(i-2)-2.*dx**2*(-vn*phi(i-1)

       + e*phi(i-1))

and integrated from -∞  to + -∞. The eigenvalues are detected when the asymptotic value of φ( x) changes sign.

The following run shows that theres is only one eigenvalues (as should be thae case with a delta fuction) ε ≈ -2. (in au)  .
e,phifinal=   -0.250E+01    0.183E+03

 e,phifinal=   -0.245E+01    0.185E+03

 e,phifinal=   -0.240E+01    0.186E+03

 e,phifinal=   -0.235E+01    0.184E+03

 e,phifinal=   -0.230E+01    0.180E+03

 e,phifinal=   -0.225E+01    0.172E+03

 e,phifinal=   -0.220E+01    0.158E+03

 e,phifinal=   -0.215E+01    0.137E+03

 e,phifinal=   -0.210E+01    0.108E+03

 e,phifinal=   -0.205E+01    0.670E+02

 e,phifinal=   -0.200E+01    0.101E+02

 e,phifinal=   -0.195E+01   -0.683E+02

 e,phifinal=   -0.190E+01   -0.174E+03

 e,phifinal=   -0.185E+01   -0.317E+03

 e,phifinal=   -0.180E+01   -0.511E+03

 e,phifinal=   -0.175E+01   -0.774E+03

 e,phifinal=   -0.170E+01   -0.113E+04

 e,phifinal=   -0.165E+01   -0.161E+04

 e,phifinal=   -0.160E+01   -0.227E+04

 e,phifinal=   -0.155E+01   -0.318E+04

 e,phifinal=   -0.150E+01   -0.444E+04

 e,phifinal=   -0.145E+01   -0.620E+04

 e,phifinal=   -0.140E+01   -0.868E+04

 e,phifinal=   -0.135E+01   -0.122E+05

 e,phifinal=   -0.130E+01   -0.174E+05

 e,phifinal=   -0.126E+01   -0.249E+05

 e,phifinal=   -0.121E+01   -0.362E+05

 e,phifinal=   -0.116E+01   -0.532E+05

 e,phifinal=   -0.111E+01   -0.797E+05

 e,phifinal=   -0.106E+01   -0.122E+06

 e,phifinal=   -0.101E+01   -0.190E+06

 e,phifinal=   -0.956E+00   -0.305E+06

 e,phifinal=   -0.906E+00   -0.505E+06

 e,phifinal=   -0.857E+00   -0.865E+06

 e,phifinal=   -0.807E+00   -0.154E+07

 e,phifinal=   -0.757E+00   -0.289E+07

 e,phifinal=   -0.707E+00   -0.571E+07

 e,phifinal=   -0.657E+00   -0.121E+08

 e,phifinal=   -0.608E+00   -0.277E+08

 e,phifinal=   -0.558E+00   -0.701E+08

 e,phifinal=   -0.508E+00   -0.398E+09

 e,phifinal=   -0.458E+00   -0.667E+09

 e,phifinal=   -0.408E+00   -0.271E+10

 e,phifinal=   -0.359E+00   -0.143E+11

 e,phifinal=   -0.309E+00   -0.109E+12

 e,phifinal=   -0.259E+00   -0.142E+13

 e,phifinal=   -0.209E+00   -0.426E+14

 e,phifinal=   -0.159E+00   -0.533E+16

 e,phifinal=   -0.110E+00   -0.121E+20

 e,phifinal=   -0.598E-01   -0.857E+26

Letting ε = -2 , normalizing φ( x)  gives 
Vee = ∫ φ( x)4  dx = 0.945546567
and 

E = 2(-2.) + Vee = -3.05445337
The total energy in the Hartree Fock approximation  is -2.8617 au

Plot of Psi
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FORTRAN code

c helium with delta function potentials AJP v44 p.886  1976

      data z, niter, nstep /2.,50,4000/

      dimension phi(0:5000)

      ei=-2.5

      efinal=-.01

      de=(efinal-ei)/float(niter)

      kp=int(float(nstep)/60.)

      e=ei

      do 20 it=1,niter

      xf=2.5*(-z/e)

      xi=-xf

      dx=(xf-xi)/float(nstep)

      kount=kp

      phi(0)=0.

      phi(1)=phi(0)+dx

c      print 150, xi ,phi(0)

      do 10 i =2,nstep

      x=xi+dx*float(i)

      phi(i)=2.*phi(i-1)-phi(i-2)-2.*dx**2*(-vnuc(z,x-dx,dx)*phi(i-1)

     $ -0.*phi(i-1)**3  + e*phi(i-1))

c      if(abs(phi(i)).ge.1.e1)goto 10

c      print 160 ,x,phi(i),vnuc(x-dx,dx)

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 150, x,phi(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, e , phi(nstep)

      e=e+de

20    continue

c      print*,'  '

      if(niter.eq.1)call norm(phi,xi,dx,nstep,ajc)

      if(niter.eq.1)print*,'2.*e,ajc,2,*e+ajc=',2.*ei ,ajc ,2.*ei+ajc

c      call  phia(.5,1.,xi,dx,nstep,kp)

100   format(1x,'e,phifinal=',2(3x,e10.3))

150   format(1x,'x,phi(i)=',2(3x,e10.3))

160   format(1x,'x , phi ,vnuc=',3(2x,e10.3))

      stop

      end

      function vnuc(z,x,dx)

c      if(abs(x).gt.dx)vnuc= -z/abs(x)

      if(abs(x).gt.dx)vnuc= 0.

      if(abs(x).le.dx)vnuc=-z/(2.*dx)

      return

      end

      subroutine phia(alpha,beta,xi,dx,nstep,kp)

      phi(x)=exp(-beta*abs(x))/( 1.-alpha**2*exp(-2.*beta*abs(x)) )

      do 10 i=0,nstep,kp

      x=xi+dx*float(i)

      print 100,x , phi(x)

10    continue

100   format(1x,'x,phia=',2(4x,e10.3))

      return

      end

      subroutine norm(phi,xi,dx,nstep,ajc)

      dimension phi(0:5000)

      sum=0.

      do 10 i=1,nstep

      x=xi+dx*float(i)

      sum=sum+(dx/2.)*(phi(i)**2 +phi(i-1)**2)

10    continue

      anorm=1./sqrt(sum)

      do 20 i=0,nstep

      phi(i)=anorm*phi(i)

20    continue

      ajc=0.

      do 30 i=1,nstep

      ajc=ajc + (dx/2.)*(phi(i)**4 +phi(i-1)**4 )

30    continue

      return

      end

