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1. The two-dimensional hydrogen atom with a logarithmic potential energy function  
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The radial part of the Schrodinger equation with a logarithmic potential is

 d2 Ψ /dr2  +(1/r) d Ψ /dr – (L/r)2 Ψ -2 log(r/r0) Ψ = E Ψ       (1)
We solve eq (1) numerically assuming 

r0 =10   , and that that there is a cutoff  rc=1.E-5   , such that 

v(r ) = log (rc/r0)   for    r ≤ rc.

The initial values of  Ψ ( for L=0 states)   are  Ψ(0)=1.  , (dΨ/dr) 0= -1.
The following run shows approximate eigenvalues at E= -5.00 , -3.4 ,-2.4..

  e,psifin=    -0.1000E+02     0.1004E+01

  e,psifin=    -0.9800E+01     0.1006E+01

  e,psifin=    -0.9600E+01     0.1008E+01

  e,psifin=    -0.9400E+01     0.1007E+01

  e,psifin=    -0.9200E+01     0.9981E+00

  e,psifin=    -0.9000E+01     0.9856E+00

  e,psifin=    -0.8800E+01     0.9708E+00

  e,psifin=    -0.8600E+01     0.9582E+00

  e,psifin=    -0.8400E+01     0.9449E+00

  e,psifin=    -0.8200E+01     0.9388E+00

  e,psifin=    -0.8000E+01     0.9359E+00

  e,psifin=    -0.7800E+01     0.9336E+00

  e,psifin=    -0.7600E+01     0.9097E+00

  e,psifin=    -0.7400E+01     0.8969E+00

  e,psifin=    -0.7200E+01     0.8723E+00

  e,psifin=    -0.7000E+01     0.8545E+00

  e,psifin=    -0.6800E+01     0.8194E+00

  e,psifin=    -0.6600E+01     0.7763E+00

  e,psifin=    -0.6400E+01     0.7279E+00

  e,psifin=    -0.6200E+01     0.6661E+00

  e,psifin=    -0.6000E+01     0.5890E+00

  e,psifin=    -0.5800E+01     0.4955E+00

  e,psifin=    -0.5600E+01     0.3732E+00

  e,psifin=    -0.5400E+01     0.2302E+00

  e,psifin=    -0.5200E+01     0.5335E-01

  e,psifin=    -0.5000E+01    -0.1569E+00

  e,psifin=    -0.4800E+01    -0.4019E+00

  e,psifin=    -0.4600E+01    -0.6755E+00

  e,psifin=    -0.4400E+01    -0.9617E+00

  e,psifin=    -0.4200E+01    -0.1223E+01

  e,psifin=    -0.4000E+01    -0.1393E+01

  e,psifin=    -0.3800E+01    -0.1365E+01

  e,psifin=    -0.3600E+01    -0.9934E+00

  e,psifin=    -0.3400E+01    -0.1276E+00

  e,psifin=    -0.3200E+01     0.1287E+01

  e,psifin=    -0.3000E+01     0.2997E+01

  e,psifin=    -0.2800E+01     0.4130E+01

  e,psifin=    -0.2600E+01     0.3014E+01

  e,psifin=    -0.2400E+01    -0.2098E+01

  e,psifin=    -0.2200E+01    -0.1021E+02

  e,psifin=    -0.2000E+01    -0.1268E+02

  e,psifin=    -0.1800E+01     0.5908E+01

  e,psifin=    -0.1600E+01     0.4078E+02

  e,psifin=    -0.1400E+01     0.1747E+02

  e,psifin=    -0.1200E+01    -0.1246E+03

  e,psifin=    -0.1000E+01    -0.3789E+02

  e,psifin=    -0.8000E+00     0.5351E+03

  e,psifin=    -0.6000E+00    -0.7792E+03

  e,psifin=    -0.4000E+00    -0.5423E+03

  e,psifin=    -0.2000E+00     0.6231E+04

c logarithmic potential

      dimension psi(0:5000)

      data nstep,niter,r0,rc/2000,50,10.,1.e-5/

      data al,kount,sigma/0.,25,0.3583/

      g(r,i)=-(1/r)*(psi(i-1)-psi(i-2))/dr +(al/r)**2*psi(i-1)

     $ -pot*psi(i-1) + e*psi(i-1)

      e=-10.

      ef=-0.

      eajp=.5*log(4.*sigma/r0**2)

      print*,'eajp,ei , ef =',eajp,  e, ef

      de=(ef-e)/float(niter)

      dpsidr=-1.

      do 10 it=1,niter

      rfin=3.5*r0*exp(e/2.)

      dr=rfin/float(nstep)

      psi(0)=1.

      psi(1)=psi(0)+dr*dpsidr

      do 20 i=2,nstep

      r=dr*float(i)

      pot=v(r-dr,r0,rc)

      psi(i)=2.*psi(i-1)-psi(i-2)+dr**2*g(r-dr,i)

20    continue

      print 100, e , psi(nstep)

      e=e+de

10    continue

100   format(2x,'e,psifin=',2(4x,e11.4))

      print*,' '

      if(niter.eq.1)call plotwave(dr,psi,nstep,kount)

      stop

      end

      subroutine plotwave(dr,psi,nstep,kount)

      dimension psi(0:5000)

      do 10 i=0,nstep,kount

      r=dr*float(i)

      print 100 ,r,psi(i)

10    continue

100   format(1x,'r,psi=',2(4x,e10.3))

      return

      end

      function v(r,r0,rc)

      if(r.le.rc)v=2.*log(rc/r0)

      if(r.gt.rc)v=2.*log(r/r0)

      return

      end

