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1. The two-dimensional hydrogen atom with a logarithmic potential energy function  
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Am. J. Phys. 58, 1183 (1990)
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3.  A hydrogenic atom in d-dimensions  
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 HYPERLINK "http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=AJPIAS&possible1=Andrew%2C+Keith&possible1zone=author&maxdisp=25&smode=strresults&aqs=true" Keith Andrew and James Supplee ,Am. J. Phys. 58, 1177 (1990)  
Equations I and II are given in Ref 1. as equivalent in the solution of 
the two dimensional hydrogen atom with a logarithmic potential.

d2 R/du2 -  [ L2/4 + σ u exp(u) ] R   =0                                             (I) 

{ (1/z)[ d/dz (z d/dz)] – L2/z2 – ln(z) + γ }R(z)  =0                           (II)

The eigenvalues of I are the σ values and the eigenvalues of II are the γ values. The relation between the two is supposedly
                                           σ =(1/8) exp(2 γ)                  ,               (1)
or conversely   γ =(1/2)ln(8 σ) .
Using FORTRAN code I (see below), we solve first eq(I).

Ther initial conditions are  R(0)=1. and  dR/du =-1. The equation is integrated numerically from u=0 to u=-15.

 For L=0 and find approximate eigenvalues of σ , 0.599  , 3.85  , 10.2  .
These σ values would correspond to γ1=0.775904357 , γ2=1.71375728  and 

γ3= 2.20091462. However the numerical solution of II ,with initial conditions R(0)=0, dR/dz =1., (see code below) gives for  γ , yields approximate  eigenvalues of  1.15 , 1.76 and 2.65 .
The results agree with those of  P. Reiser as  quoted in Ref 1.
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  e,psifin=     0.0000E+00     0.1600E+02

  e,psifin=     0.1714E+00     0.1018E+02

  e,psifin=     0.3429E+00     0.5288E+01

  e,psifin=     0.5143E+00     0.1219E+01

  e,psifin=     0.6857E+00    -0.2092E+01

  e,psifin=     0.8571E+00    -0.4720E+01

  e,psifin=     0.1029E+01    -0.6746E+01

  e,psifin=     0.1200E+01    -0.8255E+01

  e,psifin=     0.1371E+01    -0.9285E+01

  e,psifin=     0.1543E+01    -0.9913E+01

  e,psifin=     0.1714E+01    -0.1019E+02

  e,psifin=     0.1886E+01    -0.1017E+02

  e,psifin=     0.2057E+01    -0.9895E+01

  e,psifin=     0.2229E+01    -0.9398E+01

  e,psifin=     0.2400E+01    -0.8730E+01

  e,psifin=     0.2571E+01    -0.7915E+01

  e,psifin=     0.2743E+01    -0.6988E+01

  e,psifin=     0.2914E+01    -0.5972E+01

  e,psifin=     0.3086E+01    -0.4897E+01

  e,psifin=     0.3257E+01    -0.3777E+01

  e,psifin=     0.3429E+01    -0.2642E+01

  e,psifin=     0.3600E+01    -0.1508E+01

  e,psifin=     0.3771E+01    -0.3817E+00

  e,psifin=     0.3943E+01     0.7170E+00

  e,psifin=     0.4114E+01     0.1780E+01

  e,psifin=     0.4286E+01     0.2798E+01

  e,psifin=     0.4457E+01     0.3760E+01

  e,psifin=     0.4629E+01     0.4665E+01

  e,psifin=     0.4800E+01     0.5488E+01

  e,psifin=     0.4971E+01     0.6250E+01

  e,psifin=     0.5143E+01     0.6937E+01

  e,psifin=     0.5314E+01     0.7556E+01

  e,psifin=     0.5486E+01     0.8075E+01

  e,psifin=     0.5657E+01     0.8524E+01

  e,psifin=     0.5829E+01     0.8897E+01

  e,psifin=     0.6000E+01     0.9192E+01

  e,psifin=     0.6171E+01     0.9407E+01

  e,psifin=     0.6343E+01     0.9548E+01

  e,psifin=     0.6514E+01     0.9617E+01

  e,psifin=     0.6686E+01     0.9617E+01

  e,psifin=     0.6857E+01     0.9545E+01

  e,psifin=     0.7029E+01     0.9410E+01

  e,psifin=     0.7200E+01     0.9214E+01

  e,psifin=     0.7371E+01     0.8960E+01

  e,psifin=     0.7543E+01     0.8654E+01

  e,psifin=     0.7714E+01     0.8297E+01

  e,psifin=     0.7886E+01     0.7894E+01

  e,psifin=     0.8057E+01     0.7451E+01

  e,psifin=     0.8229E+01     0.6968E+01

  e,psifin=     0.8400E+01     0.6453E+01

  e,psifin=     0.8571E+01     0.5902E+01

  e,psifin=     0.8743E+01     0.5328E+01

  e,psifin=     0.8914E+01     0.4735E+01

  e,psifin=     0.9086E+01     0.4116E+01

  e,psifin=     0.9257E+01     0.3488E+01

  e,psifin=     0.9429E+01     0.2851E+01

  e,psifin=     0.9600E+01     0.2202E+01

  e,psifin=     0.9771E+01     0.1550E+01

  e,psifin=     0.9943E+01     0.8971E+00

  e,psifin=     0.1011E+02     0.2449E+00

  e,psifin=     0.1029E+02    -0.4009E+00

  e,psifin=     0.1046E+02    -0.1041E+01

  e,psifin=     0.1063E+02    -0.1667E+01

  e,psifin=     0.1080E+02    -0.2283E+01

  e,psifin=     0.1097E+02    -0.2884E+01

  e,psifin=     0.1114E+02    -0.3464E+01

  e,psifin=     0.1131E+02    -0.4029E+01

  e,psifin=     0.1149E+02    -0.4569E+01

  e,psifin=     0.1166E+02    -0.5084E+01

  e,psifin=     0.1183E+02    -0.5582E+01

FORTRAN code I (for eq I)

c logarithmic potential Part 2  eq 7 page 1184 AJP

      dimension psi(0:5000)

      data nstep,u0,uf/2000,0.,-15./

      data al,kount,niter/0.,25,70/

      g(u)=sigma*u*exp(u)

      sigma=.0

      sigmaf=12.

      dsigma=(sigmaf-sigma)/float(niter)

      dpsidu=-1.

       du=(uf-u0)/float(nstep)

      do 10 it=1,niter

      psi(0)=1.

      psi(1)=psi(0)+du*dpsidu

      do 20 i=2,nstep

      u=u0+du*float(i)

      psi(i)=2.*psi(i-1)-psi(i-2)+du**2*g(u-du)*psi(i-1)

20    continue

      print 100, sigma , psi(nstep)

      sigma=sigma+dsigma

10    continue

100   format(2x,'e,psifin=',2(4x,e11.4))

      print*,' '

c      if(niter.eq.1)call plotwave(du,psi,nstep,kount)

      stop

      end

      subroutine plotwave(du,psi,nstep,kount)

      dimension psi(0:5000)

      do 10 i=0,nstep,kount

      u=du*float(i)

      print 100 ,u,psi(i)

10    continue

100   format(1x,'u,psi=',2(4x,e10.3))

      return

      end

Gamma eigenvalues
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Fortran code for eq II

c logarithmic potential Part 2  eq 7 page 1184 AJP

      dimension psi(0:5000)

      data nstep,z0,zf/2000,0.,5./

      data al,kount,niter/0.,25,50/

      g(u,j)=-(psi(j)-psi(j-1))/dz +(al**2/z+z*log(z)-z*gama)*psi(j)

      gama=.5
      gamaf=3.

      dgama=(gamaf-gama)/float(niter)

      dpsidu=1.

      dz=(zf-z0)/float(nstep)

      do 10 it=1,niter

      psi(0)=0.

      psi(1)=psi(0)+dz*dpsidu

      do 20 i=2,nstep

      z=z0+dz*float(i)

      psi(i)=2.*psi(i-1)-psi(i-2)+dz**2*g(z-dz,i-1)

20    continue

      print 100, gama , psi(nstep)

      gama=gama+dgama

10    continue

100   format(2x,'e,psifin=',2(4x,e11.4))

      print*,' '

c      if(niter.eq.1)call plotwave(du,psi,nstep,kount)

      stop

      end

      subroutine plotwave(du,psi,nstep,kount)

      dimension psi(0:5000)

      do 10 i=0,nstep,kount

      u=du*float(i)

      print 100 ,u,psi(i)

10    continue

100   format(1x,'u,psi=',2(4x,e10.3))

      return

      end

