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3. One dimensional model for helium
In this note we calculate the energy of one dimensional lithium using two different electron- electron potentials. The first Hamiltonian is

( with both x 1 ≥ 0 ,  x 2 ≥ 0 )   
a)  H = -(1/2) d2 /dx12  -(1/2) d2 /dx22 + -(1/2) d2 /dx32 
-Z/ x1  -  Z / x2  -Z/x3 + δ (x1 – x2)  + δ (x1 – x3)   + δ (x2 – x3)     (1)

where the electron – electron interaction is a delta function. 
b) In the second case 

H = -(1/2) d2 /dx12  -(1/2) d2 /dx22 + -(1/2) d2 /dx32 
-Z/ x1  -  Z / x2  -Z/x3 + 1/abs (x1 – x2) + 1/abs(x1 – x3)  +1/abs (x2 – x3) (2)
the electron –electron interaction  is of the form 1/abs(xi-xj)  .
Assume the total wave function is

Ψ(x1 ,x2 ,x3)  =  φ1( x1)  φ1 (x2)  φ2 (x3)                                     ( 3)

where the subscripts 1 & 2 stand for the first two states.  

Using perturbation theory the calculations show that in model (a)
 the total energy is -7.87790585  , while the Hartree – Fock value sis -7.43
Results with Vee = δ(x2 – x1)
2.*e,ajc11,ajc12= -10.125  1.12209439  0.124582998

 et= -7.87790585
The results using model (b) give an extremely high electron -electron repulsion resulting in a total positive energy, which of course is wrong.

Results  with Vee = 1./ abs(x2 – x1 )
e1,e2,ajc11,ajc12= -4.5 -1.125  13.467001  2.27298784

 et=   + 7.88797665

      PLOT of wave functions 1 & 2.
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Fortran code

c helium with delta function potentials AJP v44 p.886  1976

      data z, niter, nstep /3.,1,4000/

      dimension phi(0:5000),phi1(0:5000),phi2(0:5000)

      ei=-5.

      efinal=-1.

      e1=-4.5

      e2=-1.125

      de=(efinal-ei)/float(niter)

      kp=int(float(nstep)/60.)

      e=ei

      do 20 it=1,niter

      xf=3.9*(-z/e1)

      xi=0.

      dx=(xf-xi)/float(nstep)

      kount=kp

      phi(0)=0.

      phi(1)=phi(0)+dx

      phi1(0)=0.

      phi1(1)=phi1(0)+dx

      phi2(0)=0.

      phi2(1)=phi2(0)+dx

      if(niter.eq.1) print 150, xi ,phi1(0),phi2(0)

      do 10 i =2,nstep

      x=xi+dx*float(i)

c      phi(i)=2.*phi(i-1)-phi(i-2)-2.*dx**2*(-vnuc(z,x-dx,dx)*phi(i-1)

c     $ -0.*phi(i-1)**3  + e*phi(i-1))

      phi1(i)=2.*phi1(i-1)-phi1(i-2)-2.*dx**2*

     $ (-vnuc(z,x-dx,dx)*phi1(i-1)

     $ -0.*phi1(i-1)**3  + e1*phi1(i-1))

      phi2(i)=2.*phi2(i-1)-phi2(i-2)-2.*dx**2*

     $ (-vnuc(z,x-dx,dx)*phi2(i-1)

     $ -0.*phi2(i-1)**3  + e2*phi2(i-1))

c      if(abs(phi(i)).ge.1.e1)goto 10

c      print 160 ,x,phi(i),vnuc(x-dx,dx)

      if(niter.eq.1)then

      if(i.eq.kount)then

c      print 150, x,phi1(i),phi2(i)

      kount=kount+kp

      endif

      endif

10    continue

      print 100, e , phi(nstep)

      e=e+de

20    continue

      print*,'  '

      if(niter.eq.1)call norm(phi1,phi2,xi,dx,nstep)

      if(niter.eq.1)call vrep(phi1,phi2,xi,dx,nstep,ajc11,ajc12)

      if(niter.eq.1)print*,'2.*e,ajc11,ajc12=',2.*e1+e2 ,ajc11,ajc12

      if(niter.eq.1)print*,'et=',2.*e1+0.*e2 +ajc11+0.*2.*ajc12

c      call  phia(.5,1.,xi,dx,nstep,kp)

100   format(1x,'e,phifinal=',2(3x,e10.3))

150   format('x,phi1,phi2=',3(4x,e10.3))

160   format(1x,'x , phi ,vnuc=',3(2x,e10.3))

      stop

      end

      function vnuc(z,x,dx)

      vnuc=-z/x

c      if(abs(x).gt.dx)vnuc= -z/abs(x)

c      if(abs(x).gt.dx)vnuc= 0.

c      if(abs(x).le.dx)vnuc=-z/(2.*dx)

      return

      end

      subroutine phia(alpha,beta,xi,dx,nstep,kp)

      phi(x)=exp(-beta*abs(x))/( 1.-alpha**2*exp(-2.*beta*abs(x)) )

      do 10 i=0,nstep,kp

      x=xi+dx*float(i)

      print 100,x , phi(x)

10    continue

100   format(1x,'x,phia=',2(4x,e10.3))

      return

      end

      subroutine norm(phi1,phi2,xi,dx,nstep)

      dimension phi1(0:5000) ,phi2(0:5000)

      sum1=0.

      sum2=0.

      do 10 i=1,nstep

      x=xi+dx*float(i)

      sum1=sum1+(dx/2.)*(phi1(i)**2 +phi1(i-1)**2)

       sum2=sum2+(dx/2.)*(phi2(i)**2 +phi2(i-1)**2)

10    continue

      anorm1=1./sqrt(sum1)

      anorm2= 1./sqrt(sum2)

      do 20 i=0,nstep

      phi1(i)=anorm1*phi1(i)

      phi2(i)=anorm2*phi2(i)

20    continue

      print 100 ,0.,phi1(0),phi2(0)

      do 30 i=1,nstep,60

      x=dx*float(i)

      print 100 ,x,phi1(i),phi2(i)

30    continue

100   format('x,phi1,phi2=',3(4x,e10.3))

      return

      end

      subroutine vrep(phi1,phi2,xi,dx,nstep,ajc11,ajc12)

      dimension phi1(0:5000) ,phi2(0:5000)

c      ve(x1,x2)=1./abs(x2-x1)

      ajc11=0.

      ajc12=0.

      do 30 i=1,nstep

      x1=dx*float(i)

      do 30 j=1,nstep

      x2=dx*float(j)

c      if(i.ne.j)then

      ajc11=ajc11 + dx**2*phi1(i)**2*phi1(j)**2*ve(x1,x2,dx)

      ajc12=ajc12 + dx**2*phi1(i)**2*phi2(j)**2*ve(x1,x2,dx)

c      endif

30    continue

      return

      end

      function ve(x1,x2,dx)

      if(x1.eq.x2)ve=1./dx

      if(x1.ne.x2)ve=0.

      return

      end

