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Sometimes it can be very hard or impossible to solve  explicitly  for y as a function of x  ,or vice versa   x as a function of y  i.e. x =x(y). Probably the derivative (dy/dx) will contain both x and y. 
Example 1:  The equation for the  circle of radius r ,is 

 x2 + y2 = r2 .                                       (1)

If the dy/dx is sought one can solve it in two ways.

   y = ( r2 – x2 )1/2.   Applying the previous rules let u =( r2 – x2 ) and 

du/dx= -2x . So y= u1/2  and 

dy/dx= (dy/du)(du/dx) = (1/2) u1/2-1(-2x) =x u-1/2
         = -x/( r2 – x2)1/2 = -   x/y  .

But by implicit differentiation ,start with eq(1)

d (x2 + y2 ) /dx    = d r2 /dx = 0

2x + 2y (dy/dx) =0     , or    dy/dx = -x/y .

Example 2:

The acceleration of a falling body of mass m is 
a = d2y/dt2 = dv/dt = -g – (b/m) v           where g=9.8m/s2  , m~mass in kg , 

b ~ kg/s  . Suppose you need the third derivative d3y/dt3 . Using implicit differentiation one would write 

d3y/dt3 = d { -g – (b/m) v } /dt = -(b/m) dv/dt 

           =-(b/m) (-g – (b/m) v )         . In this case all derivatives are functions of v. Take now d4y/dt4 ,

d4y/dt4  =   [– (b/m) ]2 (dv/dt) =[– (b/m) ]2 (-g – (b/m) v )   .          

Example 3:

 y3  = - x sin(2y)   + x2                                          . (2)

Taking ( d/dx ) across eq (5.1) we write 

3 y2 (dy/dx) = d [- x sin(2y) ] /dx + 2 x

3 y2 (dy/dx) = -(1) sin(2y) –x d(sin(2y))/dx + 2x .

Apply the chain rule now

3 y2 (dy/dx) = - sin(2y) –x d ( sin(2y)/d(2y) (d(2y)/dx) + 2x,

letting now   u = 2y       , du/dx = 2 dy/dx

3 y2 (dy/dx) = - sin(2y) –x d ( sin(u)/du) (du/dx) + 2x

3 y2 (dy/dx) = - sin(2y) –x cos(u) (du/dx) + 2x

3 y2 (dy/dx) = - sin(2y) –x cos(2y) (2 )dy/dx) + 2x.

Finally

(dy/dx) = (- sin(2y)  + 2x) {3 y2 + 2x cos(2y) }-1   (3)
In general one can write  eq.(5.1) as 
 f(x,y) = y3  + x sin(2y)   -x2 =0   .                     ( 4)

Differentiation with respect to x    produces two terms

     ∂f /∂x    + (∂f/∂y )(dy/dx)   = 0          .             (5)
Eq(5.3) can also be written as (multiplying by dx)

    ( ∂f /∂x)dx    + (∂f/∂y )dy   = 0   .                     (6)

The notation ∂f /∂x  ,  is read, partial derivative of f with respect to x and 

(∂f/∂y) is the partial derivative of f with respect to y. While taking ∂f /∂x  ,  the y variable is treated as a constant. While taking ∂f /∂y the variable x is treated as a constant.  
From ( 2 )  

∂f /∂x  = sin(2y) -2x    ~ y is treated as a constant

(∂f/∂y) =3y2 +2x cos(2y)      ~ x is treated as a constant   (7)

From (5.4) 

(dy/dx) =   - ∂f /∂x / ((∂f/∂y ) = -( sin(2y) -2x ) {3y2 +2x cos(2y)}-1 (8)

which is the same result as (5.2). Notice the  (dy/dx) is still not an explicit function of x   , it also contains y.   
We have the recourse of numerical methods to solve y in terms of x and to find the derivative (dy/dx)  pertaining to eq.(5.1)

Suppose we want y(x) for    ,  1  ≤  x ≤ 10

Assign a fixed value of x , say x=1  

guess a value of y , for example  y≈ 1 for small x while for large x ,

y≈ x2/3  as the equation itself suggests. Now use Newton method to find y for a fixed x value 

      yn=yn-1 - f(x,yn)/dfdy(x,yn)   .

Remember x is temporally fixed. For df/dy   use the numerical approximation 

dfdy(x,y)=(f(x,y+dy)-f(x,y))/dy     where dy is “small”  say dy = 1.e-4  , see the code below.
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Plot of the derivative (dy/dx) 
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FORTRAN code

      dimension  yn(0:100)

      data nstep,niter,dy/35,20,1.e-4/

      f(x,y)= y**3 + x*sin(2.*y)   - x**2

      dfdy(x,y)=(f(x,y+dy)-f(x,y))/dy

      xi=1.

      xf=10.

      nstep=40

      dx=(xf-xi)/float(nstep)

      do 10 i=0,nstep

      x= xi+dx*float(i)

      if(x.gt.1.)y1=x**(2./3.)

      if(x.le.1.)y1=1.

c   newton's method

      do 20 j=1,niter

      y2=y1-f(x,y1)/dfdy(x,y1)

      dydx=(y2-y1)/dx

      y1=y2

20    continue

      yn(i)=y2

      if(i.gt.0)dydx=(yn(i)-yn(i-1))/dx

      print 100 ,x,y2,f(x,y2),dydx

10    continue

100   format('x,y,f(x,y),dy/dx=',4(3x,e10.3))

      stop

      end

x,y,f(x,y),dy/dx=    0.100E+01    0.518E+00    0.000E+00    0.000E+00

x,y,f(x,y),dy/dx=    0.123E+01    0.674E+00   -0.441E-07    0.691E+00

x,y,f(x,y),dy/dx=    0.145E+01    0.878E+00    0.620E-07    0.908E+00

x,y,f(x,y),dy/dx=    0.167E+01    0.117E+01   -0.117E-06    0.130E+01

x,y,f(x,y),dy/dx=    0.190E+01    0.149E+01    0.224E-06    0.142E+01

x,y,f(x,y),dy/dx=    0.213E+01    0.173E+01    0.000E+00    0.108E+01

x,y,f(x,y),dy/dx=    0.235E+01    0.191E+01    0.954E-08    0.815E+00

x,y,f(x,y),dy/dx=    0.258E+01    0.206E+01    0.238E-08    0.660E+00

x,y,f(x,y),dy/dx=    0.280E+01    0.219E+01   -0.572E-07    0.561E+00

x,y,f(x,y),dy/dx=    0.302E+01    0.230E+01   -0.813E-06    0.492E+00

x,y,f(x,y),dy/dx=    0.325E+01    0.240E+01   -0.954E-06    0.442E+00

x,y,f(x,y),dy/dx=    0.347E+01    0.249E+01    0.108E-05    0.404E+00

x,y,f(x,y),dy/dx=    0.370E+01    0.257E+01   -0.378E-05    0.374E+00

x,y,f(x,y),dy/dx=    0.392E+01    0.265E+01    0.262E-05    0.351E+00

x,y,f(x,y),dy/dx=    0.415E+01    0.273E+01    0.963E-06    0.332E+00

x,y,f(x,y),dy/dx=    0.438E+01    0.280E+01    0.000E+00    0.317E+00

x,y,f(x,y),dy/dx=    0.460E+01    0.287E+01   -0.118E-05    0.304E+00

x,y,f(x,y),dy/dx=    0.482E+01    0.293E+01    0.123E-05    0.295E+00

x,y,f(x,y),dy/dx=    0.505E+01    0.300E+01   -0.230E-05    0.287E+00

x,y,f(x,y),dy/dx=    0.528E+01    0.306E+01    0.609E-05    0.281E+00

x,y,f(x,y),dy/dx=    0.550E+01    0.312E+01   -0.191E-05    0.276E+00

x,y,f(x,y),dy/dx=    0.572E+01    0.318E+01   -0.587E-06    0.273E+00

x,y,f(x,y),dy/dx=    0.595E+01    0.325E+01   -0.521E-05    0.271E+00

x,y,f(x,y),dy/dx=    0.617E+01    0.331E+01   -0.242E-05    0.270E+00

x,y,f(x,y),dy/dx=    0.640E+01    0.337E+01    0.397E-05    0.271E+00

x,y,f(x,y),dy/dx=    0.663E+01    0.343E+01    0.381E-05    0.273E+00

x,y,f(x,y),dy/dx=    0.685E+01    0.349E+01   -0.190E-05    0.276E+00

x,y,f(x,y),dy/dx=    0.707E+01    0.355E+01   -0.401E-05    0.280E+00

x,y,f(x,y),dy/dx=    0.730E+01    0.362E+01    0.509E-05    0.286E+00

x,y,f(x,y),dy/dx=    0.752E+01    0.368E+01   -0.128E-05    0.293E+00

x,y,f(x,y),dy/dx=    0.775E+01    0.375E+01    0.381E-05    0.301E+00

x,y,f(x,y),dy/dx=    0.797E+01    0.382E+01   -0.321E-05    0.312E+00

x,y,f(x,y),dy/dx=    0.820E+01    0.389E+01   -0.664E-05    0.324E+00

x,y,f(x,y),dy/dx=    0.843E+01    0.397E+01    0.838E-05    0.338E+00

x,y,f(x,y),dy/dx=    0.865E+01    0.405E+01   -0.652E-05    0.354E+00

x,y,f(x,y),dy/dx=    0.888E+01    0.413E+01    0.000E+00    0.372E+00

x,y,f(x,y),dy/dx=    0.910E+01    0.422E+01   -0.729E-05    0.391E+00

x,y,f(x,y),dy/dx=    0.932E+01    0.431E+01   -0.163E-05    0.410E+00

x,y,f(x,y),dy/dx=    0.955E+01    0.441E+01    0.338E-05    0.427E+00

x,y,f(x,y),dy/dx=    0.977E+01    0.451E+01    0.349E-05    0.440E+00

x,y,f(x,y),dy/dx=    0.100E+02    0.461E+01    0.000E+00    0.447E+00
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