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Lecture 13. Differential equations solved by the finite difference method
Lets write the equation of motion of the previous lecture in a more general form

                    d2 x/dt2 = (1/m) F( x,v,t)              .      (1)

That is , allow the Force to be a function of the position x, the velocity v and the independent variable time t. 

As shown in a previous lecture , an approximation to the second derivative is

(x2  - 2 x1 + x 0) / (∆t)2 ,where  x0 , x1 and x 2 are separated by a ∆t interval .  
The right hand side of (1)  can be evaluated at the instant t1 . We may  write 
                   (1/m) F(x1, v1 ,t1 ) .
The solution of the differential equation is 

x2= 2 x1 – x0 + (∆t)2 (1/m) F(x1, v1 ,t1 )              .   (2)

In a general form the n-th values of x is obtained from two previous values, 

xn= 2 xn-1 – xn-2 + (∆t)2 (1/m) F(xn-1, vn-1 ,tn-1 )        . (3) 

This general expression is valid no matter what kind of differential equation one may have  linear , non linear , homogenous , non homogenous etc.

Example: Let         d2x/dt2 = (1/m) F( x,v,t) = (1/m) *(-G mM /x2) 

G= 6.67e-11Nm2 /kg2 , M=5.98 e 24 kg , m=10 kg  .  (4)
This is a one dimensional projectile problem. Let x ~meters be the vertical coordinate. M is the mass of the earth ,  G~  gravitational constant , m is the mass of the projectile ,  which cancels out from this equation of motion.
One of the the initial conditions is LS = x0 = R=radius of the earth= 6.37e 6 meters which will be the “scale of length”.  The acceleration scale is

      g= GM/R2 =9.83 m/s2 .The speed scale would be 

vS = ( g Ls )1/2 = 7.91e3 m/s   .A time scale would be 

          TS  = LS/ vS = 805 seconds.
In conclusion let’s choose as initial conditions  x0=6.37e6 m , 

v0 = 7.91e3 m/s  . 

Then    x1 = x0 + v0 ∆t  ,      where one selects   ∆t  <<  TS  .      
Since   x1 and x0 are known x2 can be found. Knowing x2 and x1 , x3 is calculated and so on using equation (3).
The velocity is then vn-1 = (xn –xn-1)/ ∆t  
We next provide a Fortran code that solves the equation of motion , that is the trajectory x(t) and the velocity v(t) are found at the instants  , ∆t  , 2∆t  ,…..n∆t  .
 The conservation of energy theorem states that 

Kinetic energy + Potential energy = total energy

 (1/2) m v2 + (-GmMearth)/x = E total = constant.

Using the initial conditions data ,  

(1/2) m (v0)2 + (-GmMearth)/x0  =   -3.13E8 joules          (5)
For a given position x

the velocity is  v =(+/-) { (2/m) ( E total + GmMearth/x }1/2  .   (6)

FORTRAN code

      real m, mearth

      data Guniv, m, mearth , rearth/6.67e-11,10.,5.98e24,6.37e6/

      vteo(x)=sqrt((2./m)*(etotal+ Guniv*m*mearth/x ) )

      f(x,v,t) = - Guniv*m*mearth/x**2

      g=guniv*mearth/rearth**2

      vscale=sqrt(g*rearth)

c initial conditions

      x0=rearth

      v0=vscale

      etotal=.5*m*v0**2 -Guniv*m*mearth/x0

      tscale=rearth/vscale

      dt=tscale/2.e3

      tfinal=3.5*tscale

      nstep=int(tfinal/dt)

      kp=int(float(nstep)/60.)

      kount=kp

      x1=x0+v0*dt

      print*,'etotal,tfinal,dt ,nstep=',etotal,tfinal,dt,nstep

      print*,'   '

      print 100,0.,x0,v0,vteo(x0)

      do 10 i=2,nstep

      t=dt*float(i)

      t1=t-dt

      v1=(x1-x0)/dt

      x2=2.*x1-x0+dt**2*f(x1,v1,t1)/m

      v2=(x2-x1)/dt

      if(i.eq.kount)then

      if(v2.ge.0.)sign=+1.

      if(v2.lt.0.)sign=-1.

      print 100,t,x2,v2,sign*vteo(x2)

      kount=kount+kp

      endif

      x0=x1

      x1=x2

      if(x2.le.rearth)goto 120

10    continue

100   format(1x,'t,x,v,vteo=',4(3x,e10.3))

120   stop

      end

 x(m) vs t(s)
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Run
etotal,tfinal,dt ,nstep= -313081632.  2817.49878  0.402499825 7000

 t,x,v,vteo=    0.000E+00    0.637E+07    0.791E+04    0.791E+04

 t,x,v,vteo=    0.467E+02    0.673E+07    0.748E+04    0.748E+04

 t,x,v,vteo=    0.934E+02    0.707E+07    0.705E+04    0.709E+04

 t,x,v,vteo=    0.140E+03    0.739E+07    0.671E+04    0.673E+04

 t,x,v,vteo=    0.187E+03    0.770E+07    0.642E+04    0.641E+04

 t,x,v,vteo=    0.233E+03    0.799E+07    0.613E+04    0.610E+04

 t,x,v,vteo=    0.280E+03    0.827E+07    0.584E+04    0.582E+04

 t,x,v,vteo=    0.327E+03    0.853E+07    0.556E+04    0.555E+04

 t,x,v,vteo=    0.374E+03    0.879E+07    0.527E+04    0.531E+04

 t,x,v,vteo=    0.420E+03    0.903E+07    0.498E+04    0.508E+04

 t,x,v,vteo=    0.467E+03    0.925E+07    0.469E+04    0.486E+04

 t,x,v,vteo=    0.514E+03    0.946E+07    0.440E+04    0.466E+04

 t,x,v,vteo=    0.560E+03    0.966E+07    0.412E+04    0.447E+04

 t,x,v,vteo=    0.607E+03    0.985E+07    0.383E+04    0.429E+04

 t,x,v,vteo=    0.654E+03    0.100E+08    0.354E+04    0.412E+04

 t,x,v,vteo=    0.700E+03    0.102E+08    0.325E+04    0.397E+04

 t,x,v,vteo=    0.747E+03    0.103E+08    0.296E+04    0.383E+04

 t,x,v,vteo=    0.794E+03    0.105E+08    0.268E+04    0.370E+04

 t,x,v,vteo=    0.840E+03    0.106E+08    0.239E+04    0.358E+04

 t,x,v,vteo=    0.887E+03    0.107E+08    0.210E+04    0.348E+04

 t,x,v,vteo=    0.934E+03    0.108E+08    0.181E+04    0.338E+04

 t,x,v,vteo=    0.980E+03    0.108E+08    0.152E+04    0.330E+04

 t,x,v,vteo=    0.103E+04    0.109E+08    0.123E+04    0.324E+04

 t,x,v,vteo=    0.107E+04    0.110E+08    0.947E+03    0.319E+04

 t,x,v,vteo=    0.112E+04    0.110E+08    0.658E+03    0.315E+04

 t,x,v,vteo=    0.117E+04    0.110E+08    0.370E+03    0.312E+04

 t,x,v,vteo=    0.121E+04    0.110E+08    0.820E+02    0.311E+04

 t,x,v,vteo=    0.126E+04    0.110E+08   -0.206E+03   -0.311E+04

 t,x,v,vteo=    0.131E+04    0.110E+08   -0.494E+03   -0.313E+04

 t,x,v,vteo=    0.135E+04    0.110E+08   -0.783E+03   -0.316E+04

 t,x,v,vteo=    0.140E+04    0.109E+08   -0.107E+04   -0.321E+04

 t,x,v,vteo=    0.145E+04    0.109E+08   -0.136E+04   -0.327E+04

 t,x,v,vteo=    0.149E+04    0.108E+08   -0.165E+04   -0.334E+04

 t,x,v,vteo=    0.154E+04    0.107E+08   -0.194E+04   -0.342E+04

 t,x,v,vteo=    0.159E+04    0.106E+08   -0.222E+04   -0.352E+04

 t,x,v,vteo=    0.163E+04    0.105E+08   -0.251E+04   -0.363E+04

 t,x,v,vteo=    0.168E+04    0.104E+08   -0.280E+04   -0.375E+04

 t,x,v,vteo=    0.173E+04    0.103E+08   -0.309E+04   -0.389E+04

 t,x,v,vteo=    0.177E+04    0.101E+08   -0.338E+04   -0.403E+04

 t,x,v,vteo=    0.182E+04    0.995E+07   -0.366E+04   -0.419E+04

 t,x,v,vteo=    0.187E+04    0.977E+07   -0.395E+04   -0.436E+04

 t,x,v,vteo=    0.191E+04    0.958E+07   -0.424E+04   -0.455E+04

 t,x,v,vteo=    0.196E+04    0.937E+07   -0.453E+04   -0.474E+04

 t,x,v,vteo=    0.201E+04    0.915E+07   -0.482E+04   -0.495E+04

 t,x,v,vteo=    0.205E+04    0.892E+07   -0.511E+04   -0.518E+04

 t,x,v,vteo=    0.210E+04    0.868E+07   -0.539E+04   -0.541E+04

 t,x,v,vteo=    0.215E+04    0.842E+07   -0.568E+04   -0.567E+04

 t,x,v,vteo=    0.219E+04    0.815E+07   -0.597E+04   -0.594E+04

 t,x,v,vteo=    0.224E+04    0.786E+07   -0.626E+04   -0.623E+04

 t,x,v,vteo=    0.229E+04    0.756E+07   -0.655E+04   -0.655E+04

 t,x,v,vteo=    0.233E+04    0.725E+07   -0.683E+04   -0.689E+04

 t,x,v,vteo=    0.238E+04    0.692E+07   -0.724E+04   -0.725E+04

 t,x,v,vteo=    0.243E+04    0.657E+07   -0.767E+04   -0.766E+04

Lecture 14. Indefinite Integrals

Take  a function g(x)    with derivative     

                      dg(x)/dx = f(x)                                        (1)

     then   g(x) is called  the indefinite integral of  f(x)  and  written as
∫ f(x) dx =  g(x) + c                                                     (2)
where c is an arbitrary constant. Here f(x) is called the integrand  and g(x) the integral of f(x).
The indefinite integral is also called the anti-derivative for 
∫ f(x) dx = ∫ (dg/dx)  dx = g(x) +c  “undos” the derivative.

The indefinite integral provides a function of (x)

Our derivative tables provide examples of immediate antiderivatives

 Example 1.    The simplest example is the integration of a power of x.

                          ∫ A xn  dx = A xn+1 /(n+1)                 (3)

The dimensions of the  integral are those of the integrand times the dimension of  x. If f(x)~newtons  and x~meters  then  g(x)~~N-m~joules.
Example 2: The antiderivatives of some trigonometric functions.

∫ A cos( bx)  dx = (A/b) sin(bx)  + C                        (4)

∫ A sin ( bx)  dx = -(A/b) cos(bx) + C                      (5)

A procedure of great utility in carrying integrations when the integrand is a product of functions is the method  of integration by parts. Let u(x) and v(x) be functions of x , the derivative is

d( uv)/dx = u (dv/dx) + (du/dx)v                            (6)

Carrying out the integration

 ∫ {d( uv)/dx} dx =  ∫ { u (dv/dx)} dx  +  ∫ { (du/dx)v} dx    

results in 

uv =   ∫  u dv  + ∫  v du                                            (7)

dv and du are called the differentials of the functions v and u.   

Example 3:Find   ∫ x sin(x) dx  , integrating by parts.
Let u=x  , du =dx  , dv =sin(x) dx , v= -cos(x)  .

From (7)  

∫  u dv =uv  - ∫  v du  

 ∫  x (sin(x) dx) = (x)(-cos(x) )   - ∫  (-cos(x)) dx

                         =-x cos(x)    +     sin( x)          .        (8)                                     

Example 4:  ∫ tan(ax) dx = g(x) + C . The function tan(bx) was not the derivative in any of our tables. 
Let  u = ln ( f(x) )  , du/dx = (1/f) (df/dx) or   

                                     du =(1/f) df.                           (9)

We cast ∫ tan(ax) dx in the form of  eq(9) 
 ∫ tan(ax) dx =(1/a) ∫  (1/cos(ax)) a*sin(ax) dx  where the expression is 
multiplied and divided by a. But   a*sin(ax) dx = - d cos(ax) , so

∫ tan(ax) dx =(1/a) { ∫ - d cos(ax) /cos(ax)}  is of the form (9).

Hence    u = -(1/a) ln (cos(ax) )               or

∫ tan(ax) dx = -(1/a) ln (cos(ax) )                 . (10)

Since cos(ax) = 1/sec(ax)    one can also write

∫ tan(ax) dx = -(1/a) ln (cos(ax) )  = (1/a) ln (sec(ax)) .               

Example: Use MATLAB to integrate   A sin(bx)  ,  A tan(bx).
%indefinte integrals

syms x A b;  f=A*sin(b*x); g=A*tan(b*x); 

 int(f,x)

 int(g,x)
ans =

-A/b*cos(b*x)

ans =

1/2*A/b*log(1+tan(b*x)^2)

Lecture 15. Definite Integrals

Suppose the area under the curve of f(x) vs x is wanted in the interval x0 to xn, see fig 15-1.  The area can be partitioned in small segments. The first segment A1 goes from x0 to x1 = x0 + ∆x . The second A2  covers from  x1 to x2. the last point is xn = x0 + n ∆x.

The total area is the sum of the contributions

                                  A total  =∑i=1,n A i                         (1)
A simple estimate of the area can be obtained using the trapezoid rule.
Write 

A1 = (∆x/2) {f(x0) + f(x1)}  ….   An =(∆x/2) {f(xn-1) + f(xn)}  (2)
Atotal ≈ (∆x/2) {f(x0) + 2f(x1) +2f(x2) + … f(xn)}                     (3)
As ∆x→0 the estimate in (2) should become better.

If one knows that  f(x) = dg/dx the exact area can be obtained without numerical approximations such as that in eq. (3)

Tha answer is  , the definite integral   equals

                    A  =   ∫ f(x) dx = g (xn) – g(x0)                              (4)
[image: image4.png]dy/tc =0

Hads

x x n




Figure 15-1.

To justify this consider again the figure.
We will express A1 approximately as the product of  f(c1) ∆x where   

                                         x0  ≤ c1 ≤ x1                             (5)
Let A1 = f(c1) ∆x  and       Ai = f(ci) ∆x  .                         (6)
But  f(c1) ≈ ( g(x1) – g(x0) )/∆x  ….  f(ci) =( g(xi) – g(xi-1) )/∆x  and the summation

∑  f(ci) ∆x  =    ∑ Ai = ∆x { g(x1) – g(x0) + g(x2) – g(x1) +g(x3) – g(x2)+

….. g(xn-1) – g(xn-1) + g(xn) – g(xn-1)  } /∆x  
            = g(xn) – g(x0)                                                   (7)

The limit  of  ∑  f(ci) ∆x   as ∆x   goes to zero is the definite integral written as

∫ f(x) dx  = g(xn) – g(x0)                                              (8) 

or 

∫ f(x) dx  =g(x)│b a = g(b) – g(a)            ,  for   a ≤ x ≤ b           (9)

where a and b are the limits of integration. The symbol   g(x)│b a is used to indicates that g(x) is evaluated at the upper limit x=b and g(x) at x=a is subtracted.                                                               
Example : Find  the work  performed by the force g(x) = F0 cos(kx)
 W= F0 ∫ cos(2x) dx    in the interval    0 ≤ x ≤  π/4 meters  ,where 

F0 =5 E 2  newtons  , W ~ N-m ~joules   and  a= 0 , b= π/4 meters ,k=2 radians/meter.
Analytic procedure

 W = F0 (1/2){ sin(2x) } )│b a  =  (5E2/2){ sin(2 (π/4)) – sin(0) }=250 J   (10)
Two numerical codes are given. The first in FORTRAN language and second uses  MATLAB.
FORTRAN code

      real k

      data sum,nstep,pi,a ,k,f0 /0.,1000,3.1415926,0.,2., 5.e2 /

      f(x)=f0*cos(k*x)

      b=pi/4.

      dx=(b-a)/float(nstep)

      do 10 i=1,nstep

      x=a+dx*float(i)

      sum=sum+(dx/2.)*(f(x)+f(x-dx))

10    continue

      print*,'sum, exact=',sum , 250.

      stop

      end
RUN
sum, exact=  249.999908  250.
MATLAB code 

% integral F0*cos(2*x)    from 0 to pi/4 , 1000 steps

F0=5e2;

 x=linspace(0,pi/4,1000); y=F0*cos(2*x);

Work=trapz(x,y)

Work =

  2.5000e+002
Example : Uing MATLAB integrate  5sin(2x) from 0 to pi/2.

syms x ;  f=5*sin(2*x);

 int(f,x,0,pi/4)

ans = 5/2

END OF LECTURE 15.
Lecture 16. Numerical integration
It happens all often that the definite integral from a to b of  ∫ f(x) dx,  has no antiderivative. A function g(x) is not known such that dg/dx=f(x)

 Numerical methods of integration basically convert the integral into a sum

                             ∫ f(x) dx   ≈ ∑ wi f(xi)                          (1)
 where wi are weights and the points xi lie in the range     a ≤  x ≤ b   not necessarily equidistants. The  wi depend on what polynomial fit has been used to go through the inegrand f(x).
a)the trapezoid rule :  The trapezoid rule has already been employed in the last lecture. There

a straight line segment  is drawn joining two adjacent ordinates say y0 and y1. The polynomial approximation ,straight line in this case, between x0 and  x1 is
  f(x) ≈ p(x) = y0 – mx0 + { (y1-y0)/(∆x) } x =
                    = intercept (atY axis) + m  x           (2)
where m = (y1-y0)/(∆x).
Evaluating the integral  from x0 to x0 + ∆x,
∫ p(x)dx =( y0 – mx0) )(∆x) + m {(x0 + ∆x)2 – x02 }

               =y0 (∆x) - mx0(∆x) + mx0(∆x) + (m/2) ∆x2
                =(∆x/2)( y0 + y 1)                               (3)
Eq (3) is the trapezoid rule.

When (3) is applied at points x0, x1, x2….xn where the values of y are

y0,y1, y2…yn the area under the curve is   

A= =(∆x/2)( y0 + 2 y 1 + 2y2 +… yn)                   (4)    
Example : Calculate  A= ∫ exp(-3x) dx      ,  0 ≤  x  ≤  ∞       .

The analytic answer is  A= -(1/3) {exp(-3x }│∞ 0  =

                                       =(1/3)                               (5)

We illustrate two points of numerical integration

with respect to this integral. First how far away is infinity ?
Since the integrand exp(-3x) starts at exp(0)=1. ,one may be satisfied

to as far as    exp(-3x) = 1.0E-6. What is that final value of x.

taking the natural log gives 

                      -3xfinal = ln(10-6)  , thus xfinal =4.60
Another question is what constitutes a small ∆x. If we think of x~ length

then -3x ~ dimensionless. The factor 3 defines a scale 3 ~ 1/Lscale  , that is

Lscale = (1/3) . So perhaps ∆x = (1/100) Lscale  is small enough for this integration. 

The following MATLAB code performs the integration from 0 to 4.60 using 

∆x = (1/100) Lscale  .

MATLAB code

% integral exp(-3*x)    from 0 to infinity

lscale=1/3; dx=lscale/100 ; xf=4.60; nstep=xf/dx,

x=linspace(0,xf,nstep); 

y=exp(-3*x);

sum=trapz(x,y),

exact=1/3
Run results

>> 

nstep =  1380

sum =  3.3334e-001

exact =3.3333e-001

b) Simpson method:  the function f(x) is approximated by a parabola that passes through three adjacent ordinates y0 , y1 and y2 .

                         f(x)≈ p(x) = a  + b x + c x2                            (7)
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The three unknowns a,b,and c are determined from the three equations

      y0 = a                                                                             (8-a)
      y1 = y0 +  (∆x) b    + (∆x)2 c                                          (8-b)
      y2 = y0 +  2(∆x) b   + 4 (∆x)2 c               .                       (8-c)   

   Combining    y2  -  4 y1 = -3y0 -2 (∆x) b ,   one obtains
  (∆x) b = ( - y2  + 4 y1  -3y0) / 2                            .         ( 9)
Combining  y2 – 2y1 =- y0  +2(∆x)2 c  ,  one obtains
           (∆x)2 c  =  (y2 – 2y1 + y0) /2             .                  (10) 
The definite integral 

 ∫  (a  + b x + c x2  ) dx from 0 to 2∆x is 

A1 = a 2∆x + (1/2)*4(( b∆x) ∆x  + (1/3)*8* (c(∆x)2 ) ∆x

     = ∆x { 2 y0 + 2* ( - y2  + 4 y1  -3y0) / 2 

                 (8/3) (y2 – 2y1 + y0) /2 }.
Thus the Simpson rule is

        A1 =  (∆x/3)( y0 + 4y1 + y2  )                             (11)

The following Fortran code integrates exp(-3x) from 0 to 4.60 using 
Simpson’s  rule.

FORTRAN code

c  Simpson rule

      data nstep,a,b/1380,0.,4.60/

      f(x)=exp(-3.*x)

      dx=(b-a)/float(nstep)

      sum=0.

      do 10 i=1,nstep,2

      x=a+dx*float(i)

      sum=sum+(dx/3.)*(f(x-dx)+4.*f(x)+f(x+dx))

10    continue

      print*,'nstep,sum, exact=',nstep, sum ,1./3.

      stop

      end

      RUN

       nstep,sum, exact= 1380  0.333332896  0.333333343

 c) Gaussian- Legendre integration:
Reference:

1.   Schaum's outline of theory and problems of numerical analysis, (Schaum's outline series) by Francis J Scheid
The  Legendre polynomialsmay be expressed using Rodrigues' formula:
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The first three Legendre polynomials are
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They are defined in the range         -1  ≤  x ≤ 1  .
Let f(x) be initially defined also in the range  -1  ≤  x ≤ 1  .

The Pn(x) polynomial has n roots ,  Pn(xi ) =0. They can be used to define an 

interpolating polynomial so that

f(x) ≈  f(x1)(x-x2)(x-x3)…(x-xn)

                 ------------------------- + …..

                 (x1-x2)(x1- x3) …(x1-xn)    

   +    f(x2)(x-x1)(x-x3)…(x-xn)              f(xn)(x-x1)(x-x3)…(x-xn-1)         (13)

                 ------------------------- + …    -------------------------

                 (x2-x1)(x2- x3) … (x2-xn)        (xn-x1)(xn- x3)…(xn-xn-1)    

The interpolation polynomial on the right is of the n-1 degree.

At each root xi all terms are zero except the ith term which is equal to 

f( xi ). That is , the polynomial coincides with the given function at all root points.

The integral  becomes a sum ,

∫-1+1  f(x) dx  = ∫ ∑i  f(xi )(x-x1)(x-x3)…(x-xn)   dx                     (14)
                                       -------------------------

                                      (xi-x1)(xi- x3) … (xi-xn)            

The factors                   (x-x1)(x-x3)…(x-xn)   dx      
                                     -----------------------------                        (15)

                                      (xi-x1)(xi- x3) … (xi-xn)            

are integrated numerically and called weights  wi .

One can find tables of the roots of the Legendre polynomials with the corresponding weights.

The integration becomes the sum

∫-1+1  f(x) dx  = ∑i  f(xi) wi                                                        (16)

This is a discrete sum of perhaps at most only 16 or 32 terms.    

Example 1: Find the roots and the weights of the second degree Legendre polynomial  P2(x) =(1/2) ( 3x2 -1) .

The roots are    x1 = - 1/31/2   , x2 = + 1/31/2 =  0.57735027

The weights are calculated from

w1 =  ∫+1 -1 (x-x2)/(x1-x2) dx

      = ∫+1 -1 (x-0.57735027 ) dx / [-2(0.57735027)]

    %gauss legendre weights

root1=-.57735027;root2=0.57735027;

x=linspace(-1,+1,2000);

y= (x-root2)/(root1-root2) ;

w1=trapz(x,y)

w1 = 1.0000e+000

Both weights are exactly equal to 1.

Example 2:  Use the results of example 1 to integrate exp(x) from x =-1 to 

x= +1.

The analytic result is simply

∫-1+1  exp(x) dx = exp(1) –exp(-1)= 2.350 

Applying the sum gives

∫-1+1  f(x) dx  = ∑i  f(xi) wi = f(-.57735027) w1 +  f(+.57735027) w2 

                   =    w1 ( .561 38 + 1.781 3) 
                   =  2.343       ,

differing from the exact value by .007 .    
MATLAB code

x=[-1:.1:1];
x1=-0.57735027 ; x2=-x1;
f=exp(x);
p=exp(x1)*(x-x2)/(x1-x2)+exp(x2)*...
   (x-x1)/(x2-x1) ;
plot(x,p,x,f),xlabel('x'),ylabel('poly,exp(x)')
The polynomial fit P(x)  to f=exp(x) ,is a straight line in this case  as the figure shows.   At some portions of the X axis P(x) over estimates the exponential and at other subestimates exp(x) .                                
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 Example 3:   Integrate exp(x) from x =-2 to x= +2 using a four point Gaussian Legendre quadrature. 

The following Fortran code has the roots and weights pertaining to the fourth order Legendre polynomial. 
Fortran code
c gauss -legendre integration  of sin(x) from 0 to pi

      dimension xg(30) , w(30)

      data xg /.86113631,.33998105,-.86113631,-.33998105, 26*0.0/

      data w/.34785485,.65214515,.34785485,.65214515 ,26*0.0/

c      data xg /-.57735027,0.57735027 ,28*0./

c      data w/1.,1.,28*0./

      data norder/4/

c      f(u)=sin(u)

      f(u)=exp(u)

      pi=2.*asin(1.)

c upper limit=b, lower limit =a

      a=-2.

      b= 2.

      sum=0.

      do 10 i=1,norder

      ui=.5*(b-a)*xg(i)+.5*(b+a)

      sum=sum +w(i)*f(ui)*(b-a)/2.

10    continue

      print*,'sum,exact value=',sum ,exp(b)-exp(a)

      stop

      end

The results are

       sum,exact value=  7.25355816  7.25372076
The following plot compares the polynomial P(x) with the exponential  exp(x) .

[image: image13.emf]-1

0

1

2

3

4

5

6

7

8

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

P(x)

exp(x)


               UNDER CONTRUCTION  (may 18 , 2008)

