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Lecture Notes on Calculus- Lectures 1 to 10 

Lecture Notes on Calculus Part 2 -Lectures 10,11... 
Lecture Notes on Calculus -Part 3 ( Lecture 13...) 
Lecture 1, Lecture 2, Lecture 3, Lecture 4 , Lecture 5 , Lecture 6 , Lecture 7, Lecture 8 , Lecture 9, Lecture 10 , Lecture 11 
A simple harmonic oscillator obeys the idealized equation of motion

             m (d2x/dt2 ) = - k x                                                .   (1)

It reads;  mass (kg) times acceleration (m/s2) equals minus the force constant (k~ newtons/meter ) times the displacement (x~ meters) .

Our main purpose is to solve (1) numerically , subject to the specification of the initial postion x0 and initial velocity v0 . 
However we will take a glimpse at the solution using a standard analytical procedure

Cast (1) in the form

  ( d2 x/dt2 ) – (ω0)2 x = 0     ,  (ω0)2 = (k/m) ~radians/second               (2)  

and introduce a generic solution  x(t) = C exp ( i λt)  where i=(-1)1/2 is the imaginary root , λ ~ 1/time  and C are constants to be determined.

dx/dt = C exp ( i λt)  d(i λt)/dt = i λ  C exp ( i λt) = i λ  x(t)    

d2 x/dt2 = i λ ( dx/dt) =( i λ){ i λ  x(t)} = i2 λ2 x(t)

            = - λ2 x(t)                                                                (3)

Comparing the last result in (3) with the right hand side in (2)

we can identify  λ =  ω0 = (k/m)1/2   .

We could also choose   x(t) = C exp (- i λt)   , i.e.  with a negative sign in the exponential argument. After two derivatives the result is still eq.(2)

Hence the general analytic solution of (2) is

x(t)   = C1 exp(   i ω0 t  )   + C2 exp(- i ω0 t )                   .   (4) 

We are still some steps away from applying the solution given by (4) because the two coefficients C1 , C2   are functions of the two initial 

conditions . Vice versa one could assign arbitrary values to  C1 , C2   and they would determine the initial conditions x0 , v0 .

A general result may be stated. A differential equation of the n-th order has n initial conditions or equivalently, its general solution contains n arbitary constants.

Using the Taylor series of the exponential, and the cos(x) and sin(x) series one can show that  ( i = (-1)1/2 )
exp(ix) = ∑2n   (ix)2n /(2n)!     +      ∑(2n+1) (ix)2n+1 /(2n+1)!       (4)

             = cos(x) + i  sin(x)                                           .              (5)

Using (5) in (4)   one can also write another form of the  general solution

x(t) = A sin(ω0 t ) + B cos (ω0 t )                                           .   (6)

How are A and B related to the initial conditions ?

x(0)=x 0 = A(0)  + Bcos(0)=   B   ~ length~ e.g. meters        (7)                                    

v(0) = v0 = ω0 A cos(0) - ω0 sin(0)

A = v0 / ω0  ~length ~ e.g.  meters                           .           (8)

There are still other choices for the general solution.

One choice is 

x(t) = D cos(ω0 t – φ) .  φ is the initial phase angle. Expanding the expression

x(t) = D sin (φ ) sin(ω0t ) + D cos(φ) cos( ω0t)            (9) 

and comparing with ( 6) gives the correspondence

D sin (φ ) = A = v0 / ω0     ; D cos(φ)= B= x 0 . From which follows that

tan(φ) = (v0 / ( x 0  ω0) )  or     φ = arctan { v0 / ( x 0  ω0 ) }   ,(10-a)

and                       D = (  x 02 +  ( v0 / ω0 )2 ) 1/2 .                     (10-b)
After the digression we deal with the solution of the differential equation         

                          (d2x/dt2 ) = - (k/m) x  = - (ω0)2 x                  ( 11)                            

by Taylor series. It is best achieved by two  series, one for the position and another for the velocity.

In the generic Taylor series

y(x) =  y(x0) + ∑n=1 (x-x0)n (1/n!) (dn y/dxn )x0         (  12 )

Let  y(x)→ x(t)   , i.e. the independent variable is time ~t and the dependent 

variable is x  in meters.  Explicitly  to third  order ( ∆t )3 ,the position is

x(t) = x(t0) + (∆t) (dx/dt)t0 +(1/2) ∆t2 (d2 x/dt2)t0 +(1/6) ∆t3 (d3x/dt3)t0  (13)

           I      +          II          + III                         + IV

and the velocity series is 

v(t) = v(t0) + (∆t) (d2x/dt2)t0 +(1/2) ∆t2 (d3 x/dt3 )t0 + (1/6) ∆t3 (d4x/dt4)t0  (14)                                           

             I      +      II          +      III                         +   IV

Equation (11) contains a scale of time. The oscillation period is τ= (2π)/ω0.

In the Taylor series  ∆t has to be chosen small relative to τ ;  ∆t << τ.
In. eq ( 13 ) the terms III , IV and up to whatever order is desired  are deduced from the original differential equation.

In eq ( 14 )  the term II and onwards are deduced from the original differential equation.

From ( 11 )

d3x/dt3 = -  (ω0)2 (dx/dt) = -  (ω0)2 v                                (15)

and 

d4x/dt4 = - (ω0)2 (dv/dt)= - (ω0)2 (d2x/dt2 )= - (ω0)2 [- (ω0)2 x]
           =   ( ω0)4 x                         (16)

Numerical example: Let k = 40N/m , mass= 0.500 kg , x0=.07 m ,

v0 = 0. We have ω0 = ( k/m)1/2 = 8.94 rad/s , f = ω0/(2π)= 1.42 hertz

The period is τ = 1/f =0.704 seconds 

From 10-a and 10-b we get   φ=0   rad  , D =  x 0=0.07 m       
The analytical answer is
x(t)= .07 cos(ω0)                                                     ,         (17-a)

v(t) = -.07 ω0 sin(ω0 t)      .                                             (17-b)

The procedure of calculation by series finds  x1 = x(0+∆t) from the values of

x0 , v0 , t =t 0 =0  . Then x2 =x( 0+2∆t) is found from the series computed at

x1  , v1 , t1 =0+ ∆t.  The same procedure applies for v(t). The two series are recalculated at every point.

A Fortran code is provided for the above example.

∆t ≡   (1./1000.) * τ .  The output is printed below where the analytic answer is compared to the numerical answer.
 FORTRAN CODE

c harmonic oscillator /Taylor series for x(t) and for v(t)

c SI units k~ newton/meter , m~ kg , x~ meters , v~ meters/s

      real k, m

      data k, m,x0,v0/40.,0.5,.07,0.0  /

      xa(t)=.07*cos(omega*t)

      va(t)=-.07*omega*sin(omega*t)

      d2x(x,v)=-(k/m)*x

      d3x(x,v)= - omega**2*v

      d4x(x,v)= omega**4*x

      pi=2.*asin(1.)

      period=2.*pi*sqrt(m/k)

      omega=2.*Pi/period

      dt=(1./1000.)*period

      nstep=int(1.5*period/dt)

      kp=int(float(nstep)/60.)

      kount=kp

      print*,'period ,dt,nstep=' ,period ,dt,nstep

      print*,' '

      print 100,0.,x0,xa(0.),v0,va(0.)

      do 10 i=1, nstep

      t=dt*float(i)

      x1=x0+dt*v0+.5*dt**2*d2x(x0,v0)+(1./6.)*dt**3*d3x(x0,v0)

      v1= v0+dt*d2x(x0,v0)+.5*dt**2*d3x(x0,v0)+(1./6.)*dt**3*d4x(x0,v0)

      if(i.eq.kount)then

      print 100,t,x1,xa(t),v1,va(t)

      kount=kount+kp

      end if

      x0=x1

      v0=v1

10    continue

100   format('t,x1,x(t),v1,v(t)=',5(1x,e11.4) )

      stop

      end

   RUN

period ,dt,nstep=  0.702481508  0.000702481542 1499

t,x1,x(t),v1,v(t)=  0.0000E+00  0.7000E-01  0.7000E-01  0.0000E+00  0.0000E+00

t,x1,x(t),v1,v(t)=  0.1686E-01  0.6921E-01  0.6921E-01 -0.9406E-01 -0.9406E-01

t,x1,x(t),v1,v(t)=  0.3372E-01  0.6684E-01  0.6684E-01 -0.1860E+00 -0.1860E+00

t,x1,x(t),v1,v(t)=  0.5058E-01  0.6296E-01  0.6296E-01 -0.2737E+00 -0.2737E+00

t,x1,x(t),v1,v(t)=  0.6744E-01  0.5765E-01  0.5765E-01 -0.3552E+00 -0.3552E+00

t,x1,x(t),v1,v(t)=  0.8430E-01  0.5103E-01  0.5103E-01 -0.4286E+00 -0.4286E+00

t,x1,x(t),v1,v(t)=  0.1012E+00  0.4325E-01  0.4325E-01 -0.4923E+00 -0.4923E+00

t,x1,x(t),v1,v(t)=  0.1180E+00  0.3449E-01  0.3449E-01 -0.5448E+00 -0.5448E+00

t,x1,x(t),v1,v(t)=  0.1349E+00  0.2495E-01  0.2495E-01 -0.5850E+00 -0.5850E+00

t,x1,x(t),v1,v(t)=  0.1517E+00  0.1484E-01  0.1484E-01 -0.6119E+00 -0.6119E+00

t,x1,x(t),v1,v(t)=  0.1686E+00  0.4395E-02  0.4395E-02 -0.6249E+00 -0.6249E+00

t,x1,x(t),v1,v(t)=  0.1855E+00 -0.6150E-02 -0.6150E-02 -0.6237E+00 -0.6237E+00

t,x1,x(t),v1,v(t)=  0.2023E+00 -0.1655E-01 -0.1655E-01 -0.6083E+00 -0.6083E+00

t,x1,x(t),v1,v(t)=  0.2192E+00 -0.2658E-01 -0.2658E-01 -0.5792E+00 -0.5792E+00

t,x1,x(t),v1,v(t)=  0.2360E+00 -0.3601E-01 -0.3601E-01 -0.5369E+00 -0.5369E+00

t,x1,x(t),v1,v(t)=  0.2529E+00 -0.4462E-01 -0.4462E-01 -0.4824E+00 -0.4824E+00

t,x1,x(t),v1,v(t)=  0.2698E+00 -0.5222E-01 -0.5222E-01 -0.4170E+00 -0.4170E+00

t,x1,x(t),v1,v(t)=  0.2866E+00 -0.5863E-01 -0.5863E-01 -0.3421E+00 -0.3421E+00

t,x1,x(t),v1,v(t)=  0.3035E+00 -0.6371E-01 -0.6371E-01 -0.2594E+00 -0.2594E+00

t,x1,x(t),v1,v(t)=  0.3203E+00 -0.6734E-01 -0.6734E-01 -0.1709E+00 -0.1709E+00

t,x1,x(t),v1,v(t)=  0.3372E+00 -0.6945E-01 -0.6945E-01 -0.7847E-01 -0.7847E-01

t,x1,x(t),v1,v(t)=  0.3541E+00 -0.6998E-01 -0.6998E-01  0.1573E-01  0.1573E-01

t,x1,x(t),v1,v(t)=  0.3709E+00 -0.6892E-01 -0.6892E-01  0.1096E+00  0.1096E+00

t,x1,x(t),v1,v(t)=  0.3878E+00 -0.6630E-01 -0.6630E-01  0.2009E+00  0.2009E+00

t,x1,x(t),v1,v(t)=  0.4046E+00 -0.6217E-01 -0.6217E-01  0.2877E+00  0.2877E+00

t,x1,x(t),v1,v(t)=  0.4215E+00 -0.5663E-01 -0.5663E-01  0.3680E+00  0.3680E+00

t,x1,x(t),v1,v(t)=  0.4383E+00 -0.4981E-01 -0.4981E-01  0.4399E+00  0.4399E+00

t,x1,x(t),v1,v(t)=  0.4552E+00 -0.4185E-01 -0.4185E-01  0.5019E+00  0.5019E+00

t,x1,x(t),v1,v(t)=  0.4721E+00 -0.3295E-01 -0.3295E-01  0.5524E+00  0.5524E+00

t,x1,x(t),v1,v(t)=  0.4889E+00 -0.2330E-01 -0.2330E-01  0.5904E+00  0.5904E+00

t,x1,x(t),v1,v(t)=  0.5058E+00 -0.1312E-01 -0.1312E-01  0.6150E+00  0.6150E+00

t,x1,x(t),v1,v(t)=  0.5226E+00 -0.2638E-02 -0.2638E-02  0.6257E+00  0.6257E+00

t,x1,x(t),v1,v(t)=  0.5395E+00  0.7900E-02  0.7900E-02  0.6221E+00  0.6221E+00

t,x1,x(t),v1,v(t)=  0.5564E+00  0.1826E-01  0.1826E-01  0.6044E+00  0.6044E+00

t,x1,x(t),v1,v(t)=  0.5732E+00  0.2820E-01  0.2820E-01  0.5730E+00  0.5730E+00

t,x1,x(t),v1,v(t)=  0.5901E+00  0.3751E-01  0.3751E-01  0.5286E+00  0.5286E+00

t,x1,x(t),v1,v(t)=  0.6069E+00  0.4596E-01  0.4596E-01  0.4722E+00  0.4722E+00

t,x1,x(t),v1,v(t)=  0.6238E+00  0.5337E-01  0.5337E-01  0.4051E+00  0.4051E+00

t,x1,x(t),v1,v(t)=  0.6407E+00  0.5957E-01  0.5957E-01  0.3288E+00  0.3288E+00

t,x1,x(t),v1,v(t)=  0.6575E+00  0.6442E-01  0.6442E-01  0.2450E+00  0.2450E+00

t,x1,x(t),v1,v(t)=  0.6744E+00  0.6780E-01  0.6780E-01  0.1557E+00  0.1557E+00

t,x1,x(t),v1,v(t)=  0.6912E+00  0.6965E-01  0.6965E-01  0.6284E-01  0.6284E-01

t,x1,x(t),v1,v(t)=  0.7081E+00  0.6991E-01  0.6991E-01 -0.3146E-01 -0.3146E-01

t,x1,x(t),v1,v(t)=  0.7250E+00  0.6859E-01  0.6859E-01 -0.1250E+00 -0.1250E+00

t,x1,x(t),v1,v(t)=  0.7418E+00  0.6571E-01  0.6571E-01 -0.2158E+00 -0.2158E+00

t,x1,x(t),v1,v(t)=  0.7587E+00  0.6134E-01  0.6134E-01 -0.3016E+00 -0.3016E+00

t,x1,x(t),v1,v(t)=  0.7755E+00  0.5558E-01  0.5558E-01 -0.3806E+00 -0.3806E+00

t,x1,x(t),v1,v(t)=  0.7924E+00  0.4856E-01  0.4856E-01 -0.4510E+00 -0.4510E+00

t,x1,x(t),v1,v(t)=  0.8093E+00  0.4043E-01  0.4043E-01 -0.5111E+00 -0.5111E+00

t,x1,x(t),v1,v(t)=  0.8261E+00  0.3139E-01  0.3139E-01 -0.5596E+00 -0.5596E+00

t,x1,x(t),v1,v(t)=  0.8430E+00  0.2163E-01  0.2163E-01 -0.5955E+00 -0.5955E+00

t,x1,x(t),v1,v(t)=  0.8598E+00  0.1138E-01  0.1138E-01 -0.6178E+00 -0.6178E+00

t,x1,x(t),v1,v(t)=  0.8767E+00  0.8795E-03  0.8796E-03 -0.6260E+00 -0.6260E+00

t,x1,x(t),v1,v(t)=  0.8936E+00 -0.9645E-02 -0.9645E-02 -0.6201E+00 -0.6201E+00

t,x1,x(t),v1,v(t)=  0.9104E+00 -0.1995E-01 -0.1995E-01 -0.6001E+00 -0.6001E+00

t,x1,x(t),v1,v(t)=  0.9273E+00 -0.2980E-01 -0.2980E-01 -0.5665E+00 -0.5665E+00

t,x1,x(t),v1,v(t)=  0.9441E+00 -0.3898E-01 -0.3898E-01 -0.5200E+00 -0.5200E+00

t,x1,x(t),v1,v(t)=  0.9610E+00 -0.4727E-01 -0.4727E-01 -0.4618E+00 -0.4618E+00

t,x1,x(t),v1,v(t)=  0.9779E+00 -0.5449E-01 -0.5449E-01 -0.3930E+00 -0.3930E+00

t,x1,x(t),v1,v(t)=  0.9947E+00 -0.6047E-01 -0.6047E-01 -0.3153E+00 -0.3153E+00

t,x1,x(t),v1,v(t)=  0.1012E+01 -0.6508E-01 -0.6508E-01 -0.2305E+00 -0.2305E+00

t,x1,x(t),v1,v(t)=  0.1028E+01 -0.6822E-01 -0.6822E-01 -0.1404E+00 -0.1404E+00

t,x1,x(t),v1,v(t)=  0.1045E+01 -0.6980E-01 -0.6980E-01 -0.4716E-01 -0.4716E-01

END OF LECTURE 12
