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A function y(x)  can be expanded about a point x0 in a power series of the difference (x-x0).

y(x) = ∑n=0  cn (x-x0)n 

        =  c0  + c1(x-x0)1+c2 (x-x0)2+c3 (x-x0)3+…           (1)  

The coefficients  are  ,cn = (1/n!) (dn y/dxn )x=x0 . It can be verified 

by taking succesive derivatives of (1) and evaluating at x=x0.

Start with the first coefficient , let x=x0 , then   y(x0) = c0 .

Now take the first derivative of (1)

dy/dx = 0 + c1 + 2 c2 (x-x0) + 3 c3 (x-x0)2 +…  , (2)

evaluating at x=x0 gives   

             c1 = (dy/dx)x0                           .              (3)

Taking the derivative of (2),

d2y/dx2 = 2  c2 + 2(3) c3 (x-x0) +…..

and evaluating at x0 yields 

  c2 = (1/2) (d2y/dx2)x0                               .          (4)

Continuing this process shows that

 cn = (1/n!) (dn y/dxn )x0                                        . (5)

Thus the Taylor series expansion about the point x0 is 

y(x) =  y(x0) + ∑n=1 (x-x0)n (1/n!) (dn y/dxn )x0       (6)    

The derivatives may also be expressed  in terms of a Taylor series.

(dy/dx)x = (dy/dx)x0 + ∑n=1 (x-x0)n (1/n!) (dn+1y/dxn+1 )x0       (7)

(d2 y/dx2 )x = (d2 y/dx2 )x0 + ∑n=1 (x-x0)n (1/n!) (dn+2y/dxn+2 )x0     (8)  

Notice that the summation terms in (7) and (8) are proportional to 

( dn+1y/dxn+1 )x0     and (dn+2y/dxn+2 )x0     .
Example 1: Let  y=f(x)=sin(x) expand about x0= 0 .

The derivatives are   df /dx =f1= cos(x)  , f2=-sin(x) , f3=-cos(x),

f4= sin (x),  f5= cos (x),  f6= sin (x). 

At the origin (x0=0) their values are y(0)=0,

f1= 1,   , f2= 0   , f3= - 1, f4= 0,  f5= 1 ,  f6= 0... Substitution in (6) gives the 

Taylor expansion of sin(x) about the origin

sin(x) =  x – x3/3! + x5/5! - x7/7! +… (-1)n xn /(2n+1)!                     (8)

Also ,

sin(ωt) =(ωt)  – (ωt)3/3! + (ωt)5/5! – (ωt )7/7! +…(-1)n (ωt )2n+1 /(2n+1)!                     

The  following FORTRAN code calculates sin( π/4) using n=10 .

 c sin(x) by Taylor series

      pi=2.*asin(1.)

      x=pi/4.

      fact=1.

      sum=x

      sign=1.

      n=10

      do 10 i=3,n,2

      sign=-1.*sign

      fact=fact*float(i)*float(i-1)

      sum=sum+sign*x**i/fact

10    continue

      print*,'x,sum,sin(x)=',x,sum,sin(x)

      stop

      end

  RUN

x,sum,sin(x)=  0.785398185  0.707106769  0.707106769    

The series result coincides up to nine digits with the exact

 value   1/ 21/2 .                                    

Example 2.   Let y(x)=f(x)=cos(x)  and x0=0.

The derivatives are

df /dx =f1= -sin(x)  , f2=-cos(x) , f3=sin(x),

f4= cos (x),  f5= -sin (x),  f6= -cos (x). 

At the origin (x0=0) their values are y(0)≡f0 =1,

f1=0,   , f2= -1   , f3= 0 , f4= 1,  f5= 0 ,  f6= -1.

The series is

cos(x) = f0 + x*f1 +(x2/2) f2 +  (x3/6) f3 + (x4/24) f4 + (x5/120)f5 +

                     (x6/720) f6        +…….

  cos(x)=1 - (x2/2) +(x4/24) - (x6/720)  + (-1)n x2n/(2n)!  

Example 3.  Let   y(x)=f(x) = (1 + x   ) 1/2   , x0 =0 .

y(0)=1. and successive derivatives are ( see MATLAB CODE below)

MATLAB CODE 

syms x  ;

y=(1+x)^(1/2)    ;

d1= simplify(diff(y,x))

d2=simplify(diff(y,x,2))

d3=simplify(diff(y,x,3))

x=0; 

d1=eval(d1) 

d2=eval(d2)

d3=eval(d3)

d1 = 1/2/(1+x)^(1/2)  or dy/dx=(1/2) (1+x)-1/2
 d2 =-1/4/(1+x)^(3/2)  or d2 y/dx2 =(-1/4)(1+x)-3/2
d3 =3/8/(1+x)^(5/2)    or d3 y/dx3 =(3/8)(1+x)-5/2
Evaluation at x0=0 gives  (dy/dx)0= (1/2)  , (d2 y/dx2)0= -1/4 ,

(d3 y/dx3)0= 3/8  …..The Taylor series is

(1 + x  ) 1/2   = 1 + (1/2)x –(1/2)(1/4)x2 +(1/6)(3/8) x3 +….
or in general

(1+x)n       = 1 + n x +  (1/2!)n(n-1)x2 +(1/3!)(n(n-1)(n-2)x3 ...

The same fromula applies  if u=xp  where p is a power of x. Then

(1+u)n       = 1 + n u +  (1/2!)n(n-1)u2 +(1/3!)(n(n-1)(n-2)u3...

Example : Find the square root of 52. Express 52 as a sum,  
(52)1/2 = ( 49 +3 )1/2 = 491/2(1+3/49)1/2 =7(1+x)1/2  where x=3/49.

So 

(52)1/2 = 7(1+x)1/2 

            =7{ 1 + (1/2)(3/49) –(1/2)(1/4)(3/49)2 +(1/6)(3/8) (3/49)3 }

   7{      }        =7 (1.03015792) = 7.21110535 
 From the calculator ,whose algorithm we don’t know ,one obtains   

                                      (52)1/2  = 7.211 102 551         

Example  4:   y(x)=f(x) = ln (1+x)
The derivatives of the natural log are

dy/dx = (1+x)-1  , d2 y/dx2 =(-1)(1+x)-2  , d3y/dx3 =(-1)(-2)(1+x)-3  .

Evaluated at x0=0  , ln(1+0) =0  , dy/dx=1 , d2 y/dx2 =-1  , 
d3y/dx3 =(-1)(-2)…

The Taylor series is

ln (1+x) = 0 + x  +(1/2)(-1) x2 +(1/3!)(-1)(-2) x3 +(1/4!)(-1)(-2)(-3)x4 +...

       ln (1+x)        = x –(1/2) x2 +(1/3)x3 –(1/4) x4  +......     -9

Notice that
ln (1-x)        = -x –(1/2) x2 -(1/3)x3 –(1/4) x4                      -10
We can use the Taylor series expansion (9)

       ln (1+x)        = x –(1/2) x2 +(1/3)x3 –(1/4) x4 +x5/5+…     
(where x <1),

to generate both the natural log and log(base 10) logarithms.

Assume we don’t have calculators.

For exp(x) use the Taylor power series.

First we calculate some  natural log between one and 10.

Short log Table

v0= 1    =             =     exp (0)      ;    ln (v0)=0  

v1= 1.648721     =      exp(.5)     ;    ln(v1)=0.5

v2=  2.718281     =     exp(1)       ;   ln(v2)=1

v3= 4.481689      =    exp(1.5)     ;  ln(v3)=1.5                

v4=7.389056       =   exp(2)        ;   ln(v4)= 2.0

Given an arbitrary number  1 ≤ v ≤ 10 the algorithm locates it between the vi or it could be between   10 and v4 .

Let                            v3  <  v < v4   . Then v= v3 (1+x)   , where x<1. The natural log is 

ln(v) = ln(v3) + ln(1+x)  = 1.5 + (x –(1/2) x2 +(1/3)x3 –(1/4) x4 +x5/5+… )

From the natural log we can obtain the common log.

The common log ( base 10) is given by

log10 (v)  = ln(v) /ln(10)  .

10 = v4 ( 1+x) =  7.389056 (1+ .3533528 ).   

ln(10)= ln  v4  +  (x –(1/2) x2 +(1/3)x3 –(1/4) x4 +x5/5+… )   , where

x=  .3533528 .

ln(10)= 2.302585

Table 

   v,calcnatlog,log(v)=   0.100000E+01   0.000000E+00   0.000000E+00

 callogbase10,log10(v)=   0.000000E+00   0.000000E+00

 v,calcnatlog,log(v)=   0.200000E+01   0.693147E+00   0.693147E+00

 callogbase10,log10(v)=   0.301030E+00   0.301030E+00

 v,calcnatlog,log(v)=   0.300000E+01   0.109861E+01   0.109861E+01

 callogbase10,log10(v)=   0.477121E+00   0.477121E+00

 v,calcnatlog,log(v)=   0.400000E+01   0.138620E+01   0.138629E+01

 callogbase10,log10(v)=   0.602021E+00   0.602060E+00

 v,calcnatlog,log(v)=   0.500000E+01   0.160944E+01   0.160944E+01

 callogbase10,log10(v)=   0.698970E+00   0.698970E+00

 v,calcnatlog,log(v)=   0.600000E+01   0.179175E+01   0.179176E+01

 callogbase10,log10(v)=   0.778149E+00   0.778151E+00

 v,calcnatlog,log(v)=   0.700000E+01   0.194550E+01   0.194591E+01

 callogbase10,log10(v)=   0.844919E+00   0.845098E+00

 v,calcnatlog,log(v)=   0.800000E+01   0.207944E+01   0.207944E+01

 callogbase10,log10(v)=   0.903090E+00   0.903090E+00

 v,calcnatlog,log(v)=   0.900000E+01   0.219722E+01   0.219722E+01

 callogbase10,log10(v)=   0.954243E+00   0.954243E+00

 v,calcnatlog,log(v)=   0.100000E+02   0.230258E+01   0.230259E+01

 callogbase10,log10(v)=   0.999997E+00   0.100000E+01

FORTRAN code

c natural log table algorithm  //7 significant digits

      dimension f(0:10) ,alogn(0:10)

      data f/1.,1.648721,2.718281,4.481689 ,7.389056,6*0.0/

      data alogn /0.,0.5,1.,1.5,2. ,6*0.0/

      data vi,vf,nstep/1.,10.,10/

      dv=(vf-vi)/float(nstep)

      aln10=2.302585

      do 10 i=0,nstep

      v=vi+dv*float(i)

      if(v.ge.f(0).and.v.le.f(1))then

      jn=0

      q=v/f(0)

      endif

      if(v.ge.f(1).and.v.le.f(2))then

      jn=1

      q=v/f(1)

      endif

      if(v.ge.f(2).and.v.le.f(3))then

      q=v/f(2)

      jn=2

      endif

      if(v.ge.f(3).and.v.le.f(4))then

      jn=3

      q=v/f(3)

      endif

      if(v.ge.f(4))then

      jn=4

      q=v/f(4)

      endif

      x=q-1.

c      print*,'v,f(jn),q,x=',v,f(jn),q,x

      apxlog=x-x**2/2.+x**3/3.-x**4/4.+x**5/5.-x**6/6.

     $+x**7/7. -x**8/8.

      alogv=alogn(jn)+apxlog

      print 100,v,alogv,log(v)

      print 110,  alogv/aln10 ,log10(v)

      print*, '   '

10    continue

100   format(1x,'v,calcnatlog,log(v)=',3(2x,e13.6))

110   format(1x,'callogbase10,log10(v)=',2(2x,e13.6))

      stop

      end

As for questions of convergence of the series see for example ,  http://en.wikipedia.org/wiki/Taylor_series
The Taylor series expansion assumes that the function y(x) is not infinite  nor its derivatives in a region around x0. 

Intuitively if x0 = 0 , x has to be small.  Or if y=(a+x)n one has to assume that x compared with a.
A function like  (1+x)1/2 is not defined in the real numbers realm if x<-1 This defines a radius of convergence if   /x/ >1  the series will not converge.  

The question is fully dealt within the Theory of Functions using complex variables. 

Take    ln(1+x)   obviously x cannot be -1 because ln(0)=∞.

A few important series converge for all values of x. Those are the cases of 

exp(x)  series , sine(x) and cos(x) series.
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