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Lecture 10. Applications

Example 1. Periodic motion in one dimension  .   Let a particle’s position be given by

x(t) = A cos(ωt)   (x and A ~meters) ,    ω ~radians/s   , t~s  .

data: A = 0.15 m   ω =2 /s .

Find the velocity and acceleration of the particle as functions of time.

Apply the chain rule with   u= ωt = 2t    ,  du/dt= 2 rad/s .

v ≡ dx/dt = A (d (cos u)/du) du /dt  = A (-sin(u) ) (2)

         v(t)      = -.30 sin(ωt)     ~m/s

acceleration  ≡ dv/dt = d 2x/dt2 = -.30 (d sin(u)/du)(du/dt)

          a(t)= -.60 cos(u)  ~m/s2    

Differentiation and plots using Matlab

A=.15 ; w=2;
  tau=2*pi/w ;
   t= [0:tau/200:tau];
   x=A*sin(w*t);
   plot(t,x),xlabel('t~s'),ylabel('x ~ m')
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position x over one period tau

syms A  w   t; 
 x=A*sin(w*t);
 v=diff(x,t) 
 accel=diff(x,t,2)
v =

A*cos(w*t)*w

accel =

-A*sin(w*t)*w^2

***plot code for the velocity

A=.15 ; w=2;
  tau=2*pi/w ;
   t= [0:tau/200:tau];
 v =A*cos(w*t)*w ;
plot(t,v),xlabel('t~s'),ylabel('v~m/s')
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Velocity over one period tau 

acceleration code 

A=.15 ; w=2;
  tau=2*pi/w ;
   t= [0:tau/200:tau];
accel = -A*sin(w*t)*w^2;
 plot(t,accel),xlabel('t~s'),ylabel('accel~m/s^2')
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acceleration over one period tau

b) damped motion  let x=A exp(-bt) sin ( ω’ t + π/4)        

x and A ~meters) ,    ω ~radians/s   , b ~1/s

Example 2. A particle is falling and the velocity is given

by      v (t) = - A ( 1- exp(-bt) )   , v~ meters/sec  ,A= 28m/s  t~ seconds , b=.2/sec . Find the acceleration, plot v and a.

a= dv/dt  =-28 d(1- exp(-bt))/dt= -28 d( -exp(-bt) ) /dt 

    = 28 exp(-bt) d(-bt)/dt = -b(28) exp(-bt)

     =-5.6 exp(-.2t)     ~ m/s2  
Using MATLAB

syms t  b;

v=-28*(1-exp(-b*t));

a=diff(v,t)

a = -28*b*exp(-b*t)

Plot using Matlab

A=28 ; b=.2 ;tf=3*(1/b);

v=-A*(1-exp(-b*t));

accel = -28*b*exp(-b*t)   ;

t=(0:tf/100:tf);

plot(t,v,t,accel) ,xlabel('t(sec)'),ylabel('v(m/s) and accel(m/s^2)')
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Example 3 : Maxima and minima

Let the trajectory of a particle thrown up vertically be given by 

 y = -4.9t2 + 10t +2   ( y~ m  , t ~s )  

Find the maximum value of y .The first derivative is the speed

dy/dt= v = -9.8t +10   ~m/s ,this corresponds to the speed . At t=0 , v=+10 m/s. See plots.

Matlab code

tf=2; t= [0:tf/200:tf];
   y=-4.9*t.^2+10*t+2 ; 
    v=-9.8*t+10; a= -9.8;
   plot(t,y,t,v),xlabel('t~s'),ylabel('y(m),v(m/s)');
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A plot of y vs t easily reveals the maximum value and the approximate instant t when it occurs.

The speed  that starts at +10 m/s,decreases  for an instant becomes zero at about t≈0 is zero . The particle starts to fall and  v<0. The maximum value of y is about 7 meters.

In the language of calculus; to find the maxima or minima of  y(t) we take the first derivative , equate it to zero and solve for the independent variable , t  in this case.

From the above results

dy/dt = -9.8t +10 equated to zero  , gives   0=-9.8t +10   and

t m = 10/9.8 = 1.02 seconds .

Evaluate  y(t= t m) = -4.9 (1.02)2 -10(1.02) +2 = 7.10m
We can see that the second derivative is(negative/positive) at a (maximum/minimum). Consider the next figure. y1 is a maximum and 

y0<y1    , also  y2<y1 .
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The first derivatives on the left hand and right hand side are  approximately

(dy/dx)0 ≈ ( y1-y0)/dx > 0   and   (dy/dx)1 = (y2-y1)/dx <0 .

The approximation to the second derivative is  

          d2 y/dx2 ={ (dy/dx)1 –(dy/dx)0 } /dx ={y2-2y1+y0}/dx2 

      or             = { (y2-y1) + (y0-y1) }/ dx2 < 0 since both quantities in the inner parenteheses are negative.  

A similar argument would show that at a minima

                                  d2 y/dx2 > 0.

Example 4: A balloon is increasing its volume V= (4π /3) R3 at the rate

(dV/dt) = 1.00e-3 m3/s  . At what rate is the radius r increasing.

thakin the derivatives of (4π /3) R3   gives

1.00e-3 m3/s = (4π /3)3 R2 (dR/dt)= 4π  R2 (dR/dt)

                            dR/dt=  1.00e-3  /{4π  R2 }     

Example 5:Sliding ladder.
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A ladder of length 5 meters is sliding. Find a relation between the horizonatal speed vx and the speed vy of the vertical end.

Star with       x2 + y2 = 52 =25 m2

Take derivatives  with respect to time –t- using the implicit derivative 

method. We have 

2 x (dx/dt) + 2y(dy/dt) =0  .

Then  ,    vy = (dy/dt)  =  -(x/y) (dx/dt) = -(x/y) vx

                    =- (x/(25-x2)1/2) vx .

Let vx =1.8m/s  =constant . A plot of vy (x) is given now.

% MATLAB code falling ladder

  vx= 1.8;  

 x=[0.1:.1:4.9]; 

 vy=-(x./(25-x.^2).^1/2)*vx;

plot(x,vy),xlabel('x~m'),ylabel('vy~m/s')
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Example 6: The variational principle.

 The sole electron in a hydrogenic atom with atomic number Z ,has in the ground state, the approximate probabilty function   

ψ (r) = ( π3 / a)1/2 exp(-a r).

The total energy is a functional of the parameter –a-

E  = -(1/2)  ∫  ψ ∆ ψ  4π r2 dr       + ∫  ψ (-Z/r) ψ  4π r2 dr  .

∆ is the Laplacian operator. The first term gives the average kinetic energy while the second ,proportional to -Z ,is the average potential energy. 

The result is (in atomic units (au)  ; 1 au = 27.2 eV)

E (a) =   a2 / 2  - Z a   .

The minimum of E is sought.

 dE/da = a –Z   = 0   , thus  a0 = Z.

So the minimum energy is

    E (a=Z) = Z2/2 – Z2 = - Z2/ 2     (au)

and    ψground  state (r) = ( π3 / Z)1/2 exp(-Z r).

END OF LECTURE

