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6. Methods of Mathematical Physics, Vol. 1 by R. Courant and D. Hilbert 
7. The Mathematics of Physics and Chemistry, 9th Printing by Henry; Murphy, George Moseley Margenau
A FORTRAN code is provided to solve Laplace equation for a square temperature distribution.

Consider the equilibrium temperature distribution  of a square metal sheet of size 0.5 x 0.5 .

The boundaries values are

Ф (x=0, y) =0   ; Ф (x, y=0) =0  ; Ф (0.5, y) =200y ;

Ф (x, 0.5) =200x   .
Laplace equation is discretized in finite difference elements

( assuming ∆x=∆y)  
 Ф (x+∆x, y)-2 Ф (x, y) + Ф (x-∆x, y)

 + Ф (x, y+∆y )-2 Ф (x, y) + Ф (x, y-∆y) = 0    .    (1)
The iteration procedure consists is solving for the midpoint in terms of a previous estimate of Ф on four surrounding points.

Фnew (x, y) =(1/4) { Ф(x+∆x, y)+Ф (x-∆x, y)+ Ф (x, y+∆y ) + Ф (x, y-∆y)}
                                                                                             .        (2)

The initial value of Ф for all interior points is taken as 

Фinitial (x,y) = (1/4) ( 0 +200(.5) + 0 +200(.5) )= 50                     (3)
The exact answer for the distribution is 

T(x,y) = 400.*sin(x)*sin(y) .

The following runs shows the results after 20 iterations.

The step size is ∆x = ∆y= 0.5/6  .

Run

                         x                  y                    Ф                     T(x,y)
x,y,phi,u=   0.000E+00   0.000E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.000E+00   0.833E-01     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.000E+00   0.167E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.000E+00   0.250E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.000E+00   0.333E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.000E+00   0.417E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.000E+00   0.500E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.833E-01   0.000E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.833E-01   0.833E-01     0.2637E+01    0.2771E+01

 x,y,phi,u=   0.833E-01   0.167E+00     0.5269E+01    0.5523E+01

 x,y,phi,u=   0.833E-01   0.250E+00     0.7898E+01    0.8237E+01

 x,y,phi,u=   0.833E-01   0.333E+00     0.1054E+02    0.1089E+02

 x,y,phi,u=   0.833E-01   0.417E+00     0.1321E+02    0.1347E+02

 x,y,phi,u=   0.833E-01   0.500E+00     0.1596E+02    0.1596E+02

 x,y,phi,u=   0.167E+00   0.000E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.167E+00   0.833E-01     0.5269E+01    0.5523E+01

 x,y,phi,u=   0.167E+00   0.167E+00     0.1053E+02    0.1101E+02

 x,y,phi,u=   0.167E+00   0.250E+00     0.1577E+02    0.1642E+02

 x,y,phi,u=   0.167E+00   0.333E+00     0.2103E+02    0.2171E+02

 x,y,phi,u=   0.167E+00   0.417E+00     0.2636E+02    0.2686E+02

 x,y,phi,u=   0.167E+00   0.500E+00     0.3181E+02    0.3181E+02

 x,y,phi,u=   0.250E+00   0.000E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.250E+00   0.833E-01     0.7898E+01    0.8237E+01

 x,y,phi,u=   0.250E+00   0.167E+00     0.1577E+02    0.1642E+02

 x,y,phi,u=   0.250E+00   0.250E+00     0.2362E+02    0.2448E+02

 x,y,phi,u=   0.250E+00   0.333E+00     0.3146E+02    0.3238E+02

 x,y,phi,u=   0.250E+00   0.417E+00     0.3937E+02    0.4005E+02

 x,y,phi,u=   0.250E+00   0.500E+00     0.4744E+02    0.4744E+02

 x,y,phi,u=   0.333E+00   0.000E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.333E+00   0.833E-01     0.1054E+02    0.1089E+02

 x,y,phi,u=   0.333E+00   0.167E+00     0.2103E+02    0.2171E+02

 x,y,phi,u=   0.333E+00   0.250E+00     0.3146E+02    0.3238E+02

 x,y,phi,u=   0.333E+00   0.333E+00     0.4183E+02    0.4282E+02

 x,y,phi,u=   0.333E+00   0.417E+00     0.5221E+02    0.5297E+02

 x,y,phi,u=   0.333E+00   0.500E+00     0.6275E+02    0.6275E+02

 x,y,phi,u=   0.417E+00   0.000E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.417E+00   0.833E-01     0.1321E+02    0.1347E+02

 x,y,phi,u=   0.417E+00   0.167E+00     0.2636E+02    0.2686E+02

 x,y,phi,u=   0.417E+00   0.250E+00     0.3937E+02    0.4005E+02

 x,y,phi,u=   0.417E+00   0.333E+00     0.5221E+02    0.5297E+02

 x,y,phi,u=   0.417E+00   0.417E+00     0.6491E+02    0.6552E+02

 x,y,phi,u=   0.417E+00   0.500E+00     0.7761E+02    0.7761E+02

 x,y,phi,u=   0.500E+00   0.000E+00     0.0000E+00    0.0000E+00

 x,y,phi,u=   0.500E+00   0.833E-01     0.1596E+02    0.1596E+02

 x,y,phi,u=   0.500E+00   0.167E+00     0.3181E+02    0.3181E+02

 x,y,phi,u=   0.500E+00   0.250E+00     0.4744E+02    0.4744E+02

 x,y,phi,u=   0.500E+00   0.333E+00     0.6275E+02    0.6275E+02

 x,y,phi,u=   0.500E+00   0.417E+00     0.7761E+02    0.7761E+02

 x,y,phi,u=   0.500E+00   0.500E+00     0.9194E+02    0.9194E+02

FORTRAN code 
c LAPLACE IN Two DIM (X,Y)  Burden & Faires page 571

      equivalence (x1,y1),(x2,y2),(dx,dy), (nx,ny)

      dimension phi(0:100,0:100),phi1(0:100,0:100)

c F(x,y) is correct potentail

      data x1,x2 /0.,0.5/

      data niter/20/

      F(x,y)= 400.*sin(x)*sin(y)

c      pi=2.*asin(1.)

c limits of integration   0 <=x <=pi , same for y and z

      nx=6

      dx=(x2-x1)/float(nx)

c fix Phi at the boundaries

      do 205 n=0,nx

      phi(0,n)=f(x1,dy*float(n))

      phi(n,0)=f(dx*float(n),y1)

      phi(nx,n)=f(x2,dy*float(n))

      phi(n,ny)=f(dx*float(n),y2)

205   continue

c initial values assigned to the potential phi(i,j) loop do 30

c (at interior points)

      amidx=(x2+x1)/2.

      amidy=(y2+y1)/2.

      do 30 iy=1,ny-1

      do 30 ix=1,nx-1

      x=x1+dx*float(ix)

      y=y1+dy*float(iy)

      phi(ix,iy)=(1./4.)*(f(amidx,y1)+f(amidx,y2)+f(x1,amidy)+

     $ f(amidx,y2) )

30    continue

c**************

c integration iteration using finite differences

      do 55 it=1,niter

      do 35 iy= 1,ny-1

      y=y1+dy*float(iy)

      do 35 ix=1,nx-1

      x=x1+dx*float(ix)

      sumphi=(1./4.)*( phi(ix+1,iy)+phi(ix-1,iy)+

     $ phi(ix,iy+1)+phi(ix,iy-1))

c      sumphi=sumphi+dx**2*F(x,y)/4.

c      phi1(ix,iy)= (sumphi+phi(ix,iy))/2.

      phi1(ix,iy)= sumphi

35    continue

c relabel phi and phi1  (exclude boundary values of Phi)

      do 45  i=1,nx-1

      do 45  j=1,ny-1

      phi(i,j)=phi1(i,j)

45    continue

c   55    continue

c  check phi vs  potentail u ~ (analytic)

      if(it.eq.niter)then

      do 65 i=0,nx

      do 65 j=0,ny

      x=x1+dx*float(i)

      y=y1+dy*float(j)

      print 130,x,y, phi(i,j) ,f(x,y)

65    continue

      endif

c      print*,'     '

55    continue

130   format(2x,'x,y,phi,u=',2(2x,e10.3),1x,2(3x,e11.4))

      stop

      end

