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An oscillator subject to friction and to a step force u(t) has the DE

m d2 x/dt2  + b dx/dt + k x = A u(t).                             (1)
Let m = 2  kg , b = 5 kg/s , and k = 3 kg/s2  , A=1 kg-m/s2
The Laplace transform X(s) is equal to

X(s) = (A/s) * [1/(2 s2 = 5 s +3) ]
We apply The Bromwich integral numerically

x(t) = (1/(2πj)) ∫  X(s) exp( st) dt                             (2).

The  path of integration is a rather small semi circle shown in the figure encompassing all singularities.
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c= 1   , R =2b/m=5/2    ,  ymax = ( R2 – c2 ) 1/2
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Figure 1. Obtained using numerical integration.
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Figure 2.     From Ref 1.

Fortran code

c inverse of Transfer function  T(t) = L^-1 T(s)

c Schaum's BEE prob 15.7

c a circle od radius R is drawn to surround  all poles

c INVERSE LAPLACE TRANSFORM  complex integration

c a circle od radius R is drawn to surround  all poles

      real m ,k

      complex z ,z2, sum1 , sum2 ,f , g ,rooti  ,dz ,dz2

      data ti, nt ,nstep/0., 50, 1000/

      data m ,b, k , a ,c/2., 5., 3. , 1.,1./

c g(z) is the laplace transform

      g(z) =(a/z)*(1./( m*z**2 + b*z + k ))

      f(z) = (1./(2.*pi*rooti))*exp(z*t)*g(z)

      rooti=cmplx(0.,1.)

      pi=2.*asin(1.)

      ts1=m/b

      ts2=sqrt(m/k)

      tsmall=amin1(ts1,ts2)

      tlarge=amax1(ts1,ts2)

      tf=6.*tlarge

      r=2.*abs(b/m)

      ymax=sqrt(r**2-c**2)

      print*,'   '

      thetai =atan(ymax/c)

      thetaf=2.*pi-thetai

      dt=(tf-ti)/float(nt)

      dtheta=(thetaf-thetai)/float(nstep)

      dy=(2.*ymax)/float(nstep)

c each integral for a fixed value of t is composed of semicircle

      do 50 it=0,nt

      t=ti+dt*float(it)

      sum1=cmplx(0.,0.)

      sum2=cmplx(0.,0.)

c integral along semicircle of radius r

      do 10 i=1, nstep

      theta=thetai+float(i)*dtheta

      y=-ymax+dy*float(i)

      z=r*exp(rooti*theta)

      dz=r*exp(rooti*theta)*rooti*dtheta

      z2=c+rooti*y

      dz2=rooti*dy

      sum1=sum1 + (dz/2.)*(f(z) + f(z-dz))

      sum2=sum2 + (dz2/2.)*(f(z2) + f(z2-dz2))

10    continue

c      print*,'real(sum1), aimag(sum1)=',real(sum1) , aimag(sum1)

      print 100, t , real(sum1)+ real(sum2) ,a/k

50    continue

100   format('t, x(t), xmax =',3(3x,e11.4))

      stop

      end

