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Abstract: The inverse  Laplace transform is evaluated numerically using a complex FORTAN code.
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1. Wikipedia   http://en.wikipedia.org/wiki/Laplace_transform
2. Schaum's Outline of Basic Electrical Engineering (Schaum's) by Jimmie J. Cathey and Syed A. Nasar
3. Schaum's Outline of Advanced Mathematics for Engineers and Scientists by Murray R Spiegel
4.  Schaum's Outline of Laplace Transforms by Murray R Spiegel
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The Laplace transform can be viewed  as producing from a function of time f(t) its image F(s) , a function of frequency (s~1/time) .  
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Its most common use is to transform a linear DE with constant coefficients

into an algebraic equation that includes the initial conditions. 

For example consider the DE ,

d2 x/dt2  + a dx/dt  + b x = f(t)  ,                                                   (2)

with initial conditions x(0)=C0 , 
and dx(0)/dt=C1 .

Let   X(s)  = L {x(t) } , then using a Laplace transform table,

L { d2 x/dt2 } =  s2 X(s) –s C0 – C1 ,
a L{ dx/dt} = a sX(s) – a C0 ,

b L{x(t)} = b X(s)    ,     L {f(t)} = F(s).
Solving for X(s) one gets 

X(s) = (s2 + as +b )-1 { –s C0 – C1 +  a C0 + F(s) }

To obtain the solution by the inverse Laplace transform using a table

x(t) = L-1{ X(s)} = L-1 [  (s2 + as +b )-1 { –s C0 – C1 + a C0 + F(s) } ] (3​)

requires in some cases considerable skill.

The inverse Laplace transform is formaly given by complex  integral,  known by various names (the Bromwich integral, the Fourier-Mellin integral, and Mellin's inverse formula):
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                  .  (4)
where all the singularities of F(s) are to the left of the vertical line 
γ – i ∞   , γ + i ∞ .   
What we propose is to generalize (4) to a circle with a radius R encompassing all singularities.

Consider   example 1.( example 5.5 from ref . 2)
An R L ( resistor and inductance ) circuit is suddenly connected to a DC source V . V is constant.  Initial condition is i(t=0) =0 . Find i(t) .

The sum of the voltages is

   L di/dt + R i  = V       ( t>0)  . (beware this L stands for inductance)

Notice that R/L defines a time scale Tscale = L/R . 

Let I(s) = Lap Trf { i(t) }.
Lap Trf { L di/dt  } =L s I(s) – L i(0) = Ls I(s) .

Lap Trf { R i(t) } = R I(s)

Lap Trf { V} = V/s  

Then   I(s) = (V/s)* (1/( L s+R ) )
In ref 2 two lines of the table are invoked to get

i(t) = (V/R){ 1- exp(-Rt/L) } 

I(s) has two singularities one at s=0 , the second at s=- R/L.

All that has to be done numerically ,is integrate the Bromwich integral   (s→z (complex) ) using a circle contour,
f(t) = (1/(2πi) ) ∫Circle cotaining all singularites  exp(zt) F(z) dz.            (5)

Numerical example:
R= 100 ohm  L = 0.150 H  (henry)

Tscale= L/R= 1.50 E-3 seconds.
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Fig 1. Analytical and numerical solution from eq (5) .
t,i(t),real(sum1) =    0.0000E+00    0.0000E+00   -0.4665E-09

t,i(t),real(sum1) =    0.6000E-04    0.2353E-02    0.2353E-02

t,i(t),real(sum1) =    0.1200E-03    0.4613E-02    0.4613E-02

t,i(t),real(sum1) =    0.1800E-03    0.6785E-02    0.6785E-02

t,i(t),real(sum1) =    0.2400E-03    0.8871E-02    0.8871E-02

t,i(t),real(sum1) =    0.3000E-03    0.1088E-01    0.1088E-01

t,i(t),real(sum1) =    0.3600E-03    0.1280E-01    0.1280E-01

t,i(t),real(sum1) =    0.4200E-03    0.1465E-01    0.1465E-01

t,i(t),real(sum1) =    0.4800E-03    0.1643E-01    0.1643E-01

t,i(t),real(sum1) =    0.5400E-03    0.1814E-01    0.1814E-01

t,i(t),real(sum1) =    0.6000E-03    0.1978E-01    0.1978E-01

t,i(t),real(sum1) =    0.6600E-03    0.2136E-01    0.2136E-01

t,i(t),real(sum1) =    0.7200E-03    0.2287E-01    0.2287E-01

t,i(t),real(sum1) =    0.7800E-03    0.2433E-01    0.2433E-01

t,i(t),real(sum1) =    0.8400E-03    0.2573E-01    0.2573E-01

t,i(t),real(sum1) =    0.9000E-03    0.2707E-01    0.2707E-01

t,i(t),real(sum1) =    0.9600E-03    0.2836E-01    0.2836E-01

t,i(t),real(sum1) =    0.1020E-02    0.2960E-01    0.2960E-01

t,i(t),real(sum1) =    0.1080E-02    0.3079E-01    0.3079E-01

t,i(t),real(sum1) =    0.1140E-02    0.3194E-01    0.3194E-01

t,i(t),real(sum1) =    0.1200E-02    0.3304E-01    0.3304E-01

t,i(t),real(sum1) =    0.1260E-02    0.3410E-01    0.3410E-01

t,i(t),real(sum1) =    0.1320E-02    0.3511E-01    0.3511E-01

t,i(t),real(sum1) =    0.1380E-02    0.3609E-01    0.3609E-01

t,i(t),real(sum1) =    0.1440E-02    0.3703E-01    0.3703E-01

t,i(t),real(sum1) =    0.1500E-02    0.3793E-01    0.3793E-01

t,i(t),real(sum1) =    0.1560E-02    0.3879E-01    0.3879E-01

t,i(t),real(sum1) =    0.1620E-02    0.3962E-01    0.3962E-01

t,i(t),real(sum1) =    0.1680E-02    0.4042E-01    0.4042E-01

t,i(t),real(sum1) =    0.1740E-02    0.4119E-01    0.4119E-01

t,i(t),real(sum1) =    0.1800E-02    0.4193E-01    0.4193E-01

t,i(t),real(sum1) =    0.1860E-02    0.4264E-01    0.4264E-01

t,i(t),real(sum1) =    0.1920E-02    0.4332E-01    0.4332E-01

t,i(t),real(sum1) =    0.1980E-02    0.4397E-01    0.4397E-01

t,i(t),real(sum1) =    0.2040E-02    0.4460E-01    0.4460E-01

t,i(t),real(sum1) =    0.2100E-02    0.4520E-01    0.4520E-01

t,i(t),real(sum1) =    0.2160E-02    0.4578E-01    0.4578E-01

t,i(t),real(sum1) =    0.2220E-02    0.4634E-01    0.4634E-01

t,i(t),real(sum1) =    0.2280E-02    0.4688E-01    0.4688E-01

t,i(t),real(sum1) =    0.2340E-02    0.4739E-01    0.4739E-01

t,i(t),real(sum1) =    0.2400E-02    0.4789E-01    0.4789E-01

t,i(t),real(sum1) =    0.2460E-02    0.4836E-01    0.4836E-01

t,i(t),real(sum1) =    0.2520E-02    0.4882E-01    0.4882E-01

t,i(t),real(sum1) =    0.2580E-02    0.4926E-01    0.4926E-01

t,i(t),real(sum1) =    0.2640E-02    0.4968E-01    0.4968E-01

t,i(t),real(sum1) =    0.2700E-02    0.5008E-01    0.5008E-01

t,i(t),real(sum1) =    0.2760E-02    0.5047E-01    0.5047E-01

t,i(t),real(sum1) =    0.2820E-02    0.5084E-01    0.5084E-01

t,i(t),real(sum1) =    0.2880E-02    0.5120E-01    0.5120E-01

t,i(t),real(sum1) =    0.2940E-02    0.5155E-01    0.5155E-01

t,i(t),real(sum1) =    0.3000E-02    0.5188E-01    0.5188E-01
FORTRAN code for Inverse Laplace Transform

c INVERSE LAPLACE TRANSFORM  complex integration

c a circle od radius R is drawn to surround  all poles

      real L

      complex z ,z2, sum1 ,sum2, f ,g ,rooti  ,dz,dz2

      data ti, nt ,nstep/0., 50, 1000/

      data res , L ,v/100., 0.150 , 6./

      capitalf(t) = (V/res)*(1.-exp(-res*t/L))

c g(z) is the lapalce transform

      g(z)=(1./z)*(V/L)*(1./(z+Res/L))

      f(z) = (1./(2.*pi*rooti))*exp(z*t)*g(z)

      rooti=cmplx(0.,1.)

      pi=2.*asin(1.)

      tscale=L/Res

      tf=2.*tscale

      r=2.*abs(Res/L)

      thetai =0.

      thetaf=2.*pi

      dt=(tf-ti)/float(nt)

      dtheta=(thetaf-thetai)/float(nstep)

c each integral for a fixed value of t is composed of semicircle

c integration  and an intgral overt the imaginary Y axis from -T to +R

      do 50 it=0,nt

      t=ti+dt*float(it)

      sum1=cmplx(0.,0.)

c integral along semicircle of radius r

      do 10 i=1, nstep

      theta=thetai+float(i)*dtheta

      z=r*exp(rooti*theta)

      dz=r*exp(rooti*theta)*rooti*dtheta

      sum1=sum1 + (dz/2.)*(f(z) + f(z-dz))

10    continue

c      print*,'real(sum1), aimag(sum1)=',real(sum1) , aimag(sum1)

      print 100, t, capitalf(t) , real(sum1)

50    continue

100   format('t,i(t),real(sum1) =',3(3x,e11.4))

      stop

      end
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