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In this note we invert numerically the Laplace transform by a straightforward application of the Bromwich integral. An  appropriate FORTRAN code is give below.
Bromwich’s integral is given by (Ref. 13) ,
[image: image2.png]F() = £7H{F(s)} = ﬁ/,: P (s) ds




where γ is a real number so that the contour path of integration is in the region of convergence of F(s).

Example 1. f(t)= sin(ωt)  , F(s) = ω/(s2 + ω2)   . F(s) has two simple poles at 
s = (+/-) jω .

Let ω =1  , Instead of infinity the integration is carried employing the trapezoidal rule  from s = σ – j (100ω) to s= s = σ + j (100ω) . Since the poles are at the imaginary axis σ >0 . Any small value would 

do e.g σ =0.5 . The limits of integration along the imaginary axis equal to 100ω constitute a large value since the “scale of frequency “ implicit in F(s) is precisely  ω .
We define g(z) = exp(z t) * {ω/(z2 + ω2) }

and apply the trapezoidal rule ,
f(t) ≈ (1/(2πj))* ∑ (dz/2.)*( g(z) +g(z-dz) )   ,

                                           σ – j (100ω) ≤  z ≤ σ + j (100ω)

The results are shown in Fig 1.
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Fig 1. Plots of sin(wt) and Real( Bromwich integral). 
Example 2.  g(t)=exp(bt) sin(ωt)/ ω   , F(s) = 1/{(s-b)2 + ω2 }  ,

let ω= 377 rad/s ,  b=.5 ω.

The poles of F(s) are at z1= (188.5,377.) and  z2= (188.5,-377.).

So select σ= 200 /s in the Bromwich integral.

RUN

                          t                Bromwich      g(t)

t,Real,g1=    0.000E+00    0.844E-05    0.000E+00

 t,Real,g1=    0.400E-03    0.433E-03    0.430E-03

 t,Real,g1=    0.800E-03    0.924E-03    0.916E-03

 t,Real,g1=    0.120E-02    0.147E-02    0.145E-02

 t,Real,g1=    0.160E-02    0.205E-02    0.203E-02

 t,Real,g1=    0.200E-02    0.267E-02    0.265E-02

 t,Real,g1=    0.240E-02    0.331E-02    0.328E-02

 t,Real,g1=    0.280E-02    0.395E-02    0.391E-02

 t,Real,g1=    0.320E-02    0.457E-02    0.453E-02

 t,Real,g1=    0.360E-02    0.515E-02    0.511E-02

 t,Real,g1=    0.400E-02    0.567E-02    0.563E-02

 t,Real,g1=    0.440E-02    0.611E-02    0.606E-02

 t,Real,g1=    0.480E-02    0.642E-02    0.637E-02

 t,Real,g1=    0.520E-02    0.659E-02    0.654E-02

 t,Real,g1=    0.560E-02    0.659E-02    0.654E-02

 t,Real,g1=    0.600E-02    0.639E-02    0.633E-02

 t,Real,g1=    0.640E-02    0.595E-02    0.590E-02

 t,Real,g1=    0.680E-02    0.527E-02    0.522E-02

 t,Real,g1=    0.720E-02    0.431E-02    0.427E-02

 t,Real,g1=    0.760E-02    0.306E-02    0.303E-02

 t,Real,g1=    0.800E-02    0.151E-02    0.150E-02

 t,Real,g1=    0.840E-02   -0.328E-03   -0.326E-03

 t,Real,g1=    0.880E-02   -0.246E-02   -0.244E-02

 t,Real,g1=    0.920E-02   -0.486E-02   -0.482E-02

 t,Real,g1=    0.960E-02   -0.751E-02   -0.745E-02

 t,Real,g1=    0.100E-01   -0.104E-01   -0.103E-01

 t,Real,g1=    0.104E-01   -0.133E-01   -0.132E-01

 t,Real,g1=    0.108E-01   -0.164E-01   -0.163E-01

 t,Real,g1=    0.112E-01   -0.195E-01   -0.193E-01

 t,Real,g1=    0.116E-01   -0.225E-01   -0.223E-01

 t,Real,g1=    0.120E-01   -0.252E-01   -0.250E-01
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Fig 2. Plot of exp(bt) sin(wt)/w and the result of Bromwich integral.

FORTRAN code
c inverting Laplace transform using the Bromwich integral

c http://www.cparity.com/projects/AcmClassification/samples/326148.pdf

      complex f ,z,dz,g, rooti ,sum ,sigma

      data w,nstep/377.,5000/

      data nt, ti/30, 0./

      g1(t)=exp(b*t)*sin(w*t)*(1./w)

      F(z) = 1./((z-b)**2 + w**2 )

c      f(z)=1./(z+w)

c     f(z)=w/(z**2+w**2)

c      g(t)=exp(-w*t)

c      g1(t) =sin(w*t)

      g(z)=f(z)*exp(z*t)

      pi=2.0*asin(1.0)

      rooti=cmplx(0.,1.)

      b=.5*w

      sigma=200.

      ymax=100.*w

      dy=2.*ymax/float(nstep)

      dz=rooti*dy

      tf=24.e-3

      deltat=(tf-ti)/float(nt)

      do 10 it=0,nt

      t=ti+deltat*float(it)

      sum=0.

      do 20 i=1,nstep

      y=-ymax+dy*float(i)

      z=sigma+rooti*y

      sum=sum +(1./(2.*pi*rooti))*(dz/2.)*(g(z)+g(z-dz))

20    continue

      print 100,t ,real(sum), g1(t)

10    continue

100   format(1x,'t,Real,g1=',3(3x,e10.3))

      stop

      end
