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Reference:

1. Methods of Applied Mathematics by F.B. Hildebrand ,second edition page 233
The DE       
                                    d2 y/dx2 +x y =1        (1)

with boundary conditions y(0)=0 and y(1)=1 is solved by the shooting method.

Writing the DE in finite differences gives
      yn  = 2 yn-1 – yn-2 + (∆x)2 ( -(x-∆x) yn-1 + 1).           (2)
The intial condition is y(0)= y0 =0.
We guess the magnitude of the first derivative by letting , ∆x =1/2 , x0=0 , x1=1/2 , x2 =1 ,   y2=1  , y0 =0 and  y1 is unknown. Substition in (2) gives 

y1/∆x = 4/5 . So the first derivative (dy/dx)0 must be “near” that value.

The following run with varying (dy/dx)0 shows that the correct values is 

between 0.567  and 0.600.
The plot shown in fig 1. assumes (dy/dx)0=0.5835

RUN
                          xfinal=1     (dy/dx)0             y(x=1.)
x,dydx,y2=    0.100E+01    0.000E+00    0.475E+00

 x,dydx,y2=    0.100E+01    0.333E-01    0.506E+00

 x,dydx,y2=    0.100E+01    0.667E-01    0.536E+00

 x,dydx,y2=    0.100E+01    0.100E+00    0.567E+00

 x,dydx,y2=    0.100E+01    0.133E+00    0.597E+00

 x,dydx,y2=    0.100E+01    0.167E+00    0.628E+00

 x,dydx,y2=    0.100E+01    0.200E+00    0.659E+00

 x,dydx,y2=    0.100E+01    0.233E+00    0.689E+00

 x,dydx,y2=    0.100E+01    0.267E+00    0.720E+00

 x,dydx,y2=    0.100E+01    0.300E+00    0.751E+00

 x,dydx,y2=    0.100E+01    0.333E+00    0.781E+00

 x,dydx,y2=    0.100E+01    0.367E+00    0.812E+00

 x,dydx,y2=    0.100E+01    0.400E+00    0.843E+00

 x,dydx,y2=    0.100E+01    0.433E+00    0.873E+00

 x,dydx,y2=    0.100E+01    0.467E+00    0.904E+00

 x,dydx,y2=    0.100E+01    0.500E+00    0.934E+00

 x,dydx,y2=    0.100E+01    0.533E+00    0.965E+00

 x,dydx,y2=    0.100E+01    0.567E+00    0.996E+00

 x,dydx,y2=    0.100E+01    0.600E+00    0.103E+01

 x,dydx,y2=    0.100E+01    0.633E+00    0.106E+01

 x,dydx,y2=    0.100E+01    0.667E+00    0.109E+01

 x,dydx,y2=    0.100E+01    0.700E+00    0.112E+01

 x,dydx,y2=    0.100E+01    0.733E+00    0.115E+01

 x,dydx,y2=    0.100E+01    0.767E+00    0.118E+01

 x,dydx,y2=    0.100E+01    0.800E+00    0.121E+01

 x,dydx,y2=    0.100E+01    0.833E+00    0.124E+01

 x,dydx,y2=    0.100E+01    0.867E+00    0.127E+01

 x,dydx,y2=    0.100E+01    0.900E+00    0.130E+01

 x,dydx,y2=    0.100E+01    0.933E+00    0.133E+01

 x,dydx,y2=    0.100E+01    0.967E+00    0.136E+01
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Fig 1 . (dy/dx)0 =0.5835

FORTRAN code

c problem from  Page 233 F. B. Hildebrand  D^2y/dx^2+x*y=1

c y(0)=0. , y(1)=1. shooting method , guess initial dy/dx and integrate

c up  to x=1.

      data dydxi,dydxf,niter,nstep/0.5835,1.,1,1000/

      dx=1./float(nstep)

      deltas=(dydxf-dydxi)/float(niter)

      dydx=dydxi

      do 10 it=1,niter

      y0=0.

      y1=y0+dx*dydx

      kp=int(float(nstep)/60.)

      kount=kp

      if(niter.eq.1) print 120 ,0.,y0

      do 20 i=2,nstep

      x=dx*float(i)

      y2=2.*y1-y0+dx**2*(-(x-dx)*y1+1.)

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 120 ,x,y2

      kount=kount+kp

      endif

      endif

      y0=y1

      y1=y2

20    continue

      if(niter.eq.1)print 120 ,x,y2

c      print 100,x,dydx,y2

      dydx=dydx+deltas

10    continue

100   format(1x,'x,dydx,y2=',3(3x,e10.3))

120   format(1x,'x,y=',2(3x,e10.3))

      stop

      end

