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The d –dimensional Schrodinger equation is solved numerically in Ref.1 for several values of d using a fourth order Runge-Kutta algorithm.

We give here an explicit FORTRAN  code that uses the finite difference method to solve the same equation.

I.  Introduction

We take  d to  be any  real positive number.
Now ,what is the potential energy between  a point charge +e located at the origin of coordinates and a point charge –e at distance r ?
There are two viewpoints.

One is that      V(r)  is  the standard Coulomb potential. If d is a positive number ;
V(r)  = -k e2/r    ~ volts                                                                 (1)

where  r2 = (x1)2 + (x2)2 +…..(xd)2                                   .  (2)

                     E = - runit (∂V(r) /∂r) ~ volts/m                      (3)

Another viewpoint gives primacy to Gauss law

where the generalized flux 

                                      ∫ E ∙ d S = e/ε0                      .   (3)  
There are problems with this definition .

dS   no longer has dimensions of Length2 ,therefore if  e and ε0  are kept in

SI units   , the dimension of E are not going to be volts/meter nor is the potential going to be in volts.

So how can we test the results experimentally  if there are no meters for arbitray units of E and V.
For example let’s use CGS units in (3)  (ε0  =1).   It is claimed when applying Gauss  law in two dimensions , d S  becomes a circular path of radius r ,around the charge. From (3)

                         E = e /(2π r)    ~ charge /meter          (4)

The corresponding electric potential would be

     V(r) = - ∫ E dr + c 

             = - (e/2π) log (r) + c   ~   charge        .           (5)

Nevertheless the second viewpoint is adopted in Ref 1 and 2. and we follow it.

The d dimensional flux is written as (reintroduce ε0)
E Ω rd-1  = e / ε0                                                      .       (6)

Ω is the solid angle subtended by the surface which has the general expression 

                                   Ω =2 π d/2 / Γ (d/2)             . (7)
(For the gamma function consult   Ref. 3 , page 185).
For example   if d=2   , Γ (d/2) =1  and  Ω =2 π . If d=3 ,

Γ (d/2) = Γ (3/2) = π1/2/2  and   Ω = 2 π 3/2 (2/ π1/2) = 4 π. 
The potential energy is –eV(r) and is obtained by integration from (6) , we shall retain the symbol V(r) . Now it represents energy.
V(r) = - Ω-1( e2 / ε0 ) ∫ r1-d dr   + C                           
        =   -  ( e2 / ε0 )   r2-d /( Ω (2-d)) + C              (d≠2)          .      (8)

The Coulomb force is F = -dV/dr
                                     = ( e2 / ε0 Ω )   r1-d        .                         (9) 

If d=2 the result is the logarithmic potential

V(r) = - Ω-1 log (r)   + C                                      .          - 10  
Going into Schrodinger equation we set m= 1 , h(bar) =1 ,but momentarily

retain  the symbols of charge e  and vacuum permittivity ε0.
Schrodinger eq in d -dimensions takes the form (ref 1)
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                                                                                            (11)
again  (d≠2),          
where    l is the orbital angular momentum quantum number and 
z = β1/(4-d)r   ,    β = ( 2/ (ε0Ω ) )   ,  λ = 2E β2/(d-4)        .       -12
The case d=4 has to be excluded due to the singularity in β1/(4-d).
II. THE NUMERICAL ALGORITHM

To solve eq. (37) numerically we cast it in finite difference form

p2=2.*p1-p0+dz**2*g(z-dz)*p1                                    -13
g(z) = term1(z)+term2(z)                                                -14
and  term1(z)=(1./z**2)*(al*((al+d-2.)-.25*(1.-d)*(d-3.)) ,
         term2(z)=    - (z**(2.-d)/(d-2.) +lambda)
The initial conditions ,P(z=0) and P(z=∆z) have to be obtained from the DE.

For a given dimension d , we are going to solve SE for the  ground state  

( L=0) . Equation  (11) reduces to 

d2P/dz2  + { (1/4) (1-d)(d-3)/z2 – z2-d/(d-2) – λ } P =0    .  -15 
Near the origin P ~ zs    ,   d2P/dz2  = s(s-1) zs-2   . Substitution in (15) gives 

[ s2 –s + (1/4) (1-d)(d-3) ] zs-2 = 0     .                              -16
The roots s1 , s2 are displayed in the next plot.
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Fig 1. Solutions of the quadratic equation.
There are three regions according to the signs of s1  and s2.

region I       d <1  only root 1 is positive (choose positive s)
region  II    1 ≤ d ≤ 3    both roots are positive (choose smallest s)
region III        d > 3  only one root is positive (choose positive s)
It is required that the solutions at the origin be of the form zs  where the power s is positive. Recall that for d=2 , the potential solution is the logarithmic function.
The effective potential is 

Veffective(z,d) =(1./z**2)*(al*((al+d-2.)-.25*(1.-d)*(d-3.)) 
                         - (z**(2.-d)/(d-2.)                                 -17
A plot for some values of   d is given next. The corresponding ground state energies are positive.
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Figure 2. Effective potential for d= 0.5, 1.0 , 1.5  
We calculate now the ground state energies for these same values of d.
Take d=0.5 . It has a minima around z=1 where Vmin ≈ 1. Around that point it has an oscillator shape.

Thus the ground state energy should be ≈ 1/2 + Vmin =1.5.

In the integration we vary the energy in the range from 1 to 2 and let 

 zfinal =6.  Some of the results are

(d=0.5)

    e,psifin=     0.18000E+01     0.15061E+02

  e,psifin=     0.18100E+01     0.10093E+02

  e,psifin=     0.18200E+01     0.46331E+01

  e,psifin=     0.18300E+01    -0.28913E+00

  e,psifin=     0.18400E+01    -0.47695E+01

  e,psifin=     0.18500E+01    -0.90314E+01

The ground state energy  lies between 1.820 and 1.830  au.
(d=1.0)
    e,psifin=     0.185500E+01     0.324613E+02

  e,psifin=     0.185560E+01    -0.703315E+01
The ground state energy lies betwen 0.185500E+01    and 0.185560E+01  .
(d=1.5)
  e,psifin=     0.254000E+01     0.332408E+02

  e,psifin=     0.256000E+01    -0.191178E+01
E ≈ 2.55000
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Effective potential for values of d  =2.4 , 3 ,3.4 . Ground state energies are negative.   
The case (d=3) is the three dimensional hydrogen atom. We obtain

(d=3)

    -0.500800E+00     0.266237E+02

    -0.500000E+00    -0.452369E+00
(d=2.4)

  e,psifin=    -0.216040E+01     0.111312E+03

  e,psifin=    -0.215860E+01    -0.126621E+02

  E≈-2.159

(d=3.4)
  e,psifin=    -0.150320E+00     0.299832E-01

  e,psifin=    -0.150100E+00    -0.251302E-01

  E≈ -1.5021
Our numerical code is shown.

C FORTRAN CODE

c d -dimensional hydrogenic atom // zf  has to be adjusted

c in general   zf is in the range      10 <zf <20

c   in each case
      real lambda ,kd

      data d ,al,an, zf /.5 ,0.,1., 6./

      data nstep ,niter/4000,50 /

      term1(z)=(1./z**2)*( al*(al+d-2.)-.25*(1.-d)*(d-3.))

      term2(z)=-( z**(2.-d)/(d-2.) +lambda )

      g(z) = term1(z)+term2(z)

      call finds(d,root1,root2,s)

      print*,'root1,root2,s=',root1,root2,s

      pi=2.*asin(1.)

      e=  1.5

      ef= 2.

      de=(ef-e)/float(niter)

      omega= 2.*pi**(d/2.)/gamma(d/2.)

      kd=1.

      ebohr=( (d-4.)*kd/(2.*(d-2.)))*(an**2/kd)**((2.-d)/(4.-d))

      print*,'ebohr,gamma(d/2.) =',ebohr, gamma(d/2.)

      print*, '   '

      kp=int(float(nstep)/50.)

      kount=kp

c      beta=(2./omega)**(1./(4.-d))

      beta=2.

      do 10 it=1,niter

      dz=zf/float(nstep)

      p0=0.

      p1=dz**s

      lambda= 2.*e*beta**(2./(d-4.))

      if(niter.eq.1)print 200,0.,p0

      do 20  i=2,nstep

      z=dz*float(i)

      p2=2.*p1-p0+dz**2*g(z-dz)*p1

      if(niter.eq.1)then

      if(i.eq.kount)then

      print 200,z,p2

      kount=kount+kp

      endif

      endif

      p0=p1

      p1=p2

20    continue

      print 100, e ,p2

      e=e+de

10    continue

100   format(2x,'e,psifin=',2(4x,e12.5))

200   format(2x,'z,psi=',2(4x,e10.3))

      stop

      end

      function gamma(x)

c Bronshtein page 185

      data nstep,tf /1000, 10./

      f(t)=exp(-t)*t**(x-1.)

      dt=tf/float(nstep)

      sum=dt**x/x

      do 10 i=2,nstep

      t=dt*float(i)

      sum=sum+(dt/2.)*(f(t)+f(t-dt))

10    continue

      gamma=sum

      return

      end

      subroutine finds(d,root1,root2,s)

      data a,b/1.,-1./

      c=.25*(1.-d)*(d-3.)

      root1=(-b+sqrt(b**2-4.*a*c))/(2.*a)

      root2= (-b-sqrt(b**2-4.*a*c))/(2.*a)

      if(d.lt.1.)s=root1

      if(d.ge.1.and.d.le.3.)s=root2

      if(d.gt.3.)s=root1

      return

      end
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