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Determine the smallest characteristic value of λ for the problem
                y(x) = λ ∫ exp(-x ξ ) y( ξ ) d ξ    ,    where     0  ≤    ξ ≤ 1   (1)

We employ a numerical method  where a value of  λ is fixed  and the  trial  function   y(x) = 1.+ x is introduced in the right hand side of (1).

At each step of the iterations the integral

             ∫ y(x)2 dx = sum                                                                    (2)

is calculated. The ratio  sum(at the nth-iteration) /sum(n-1th- iteration) should converge to one. This ratio is plotted in Fig 1 for     -2 ≤   λ ≤ 3 .
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Figure 1.

A more detailed data is plotted for    1.1 < λ <1.3  .
  lambda ,sum2/sum1 =    0.11373E+01    0.92228E+00

  lambda ,sum2/sum1 =    0.11569E+01    0.93758E+00

  lambda ,sum2/sum1 =    0.11765E+01    0.95302E+00

  lambda ,sum2/sum1 =    0.11961E+01    0.96858E+00

  lambda ,sum2/sum1 =    0.12157E+01    0.98426E+00

  lambda ,sum2/sum1 =    0.12353E+01    0.10001E+01

  lambda ,sum2/sum1 =    0.12549E+01    0.10160E+01

  lambda ,sum2/sum1 =    0.12745E+01    0.10321E+01

  lambda ,sum2/sum1 =    0.12941E+01    0.10483E+01

  lambda ,sum2/sum1 =    0.13137E+01    0.10646E+01

The characteristic value
                            λ ≈ 1.2353   .
The characteristic function is found by iteration with λ ≈ 1.2353   
The solution is stanadrized  dividing by  y(0). Otherwise “different” results are obtained if different trial solutions are used. 
 
 
    x,ynew(ii),yold(ii)=    0.000E+00    0.100E+01    0.100E+01
 x,ynew(ii),yold(ii)=    0.500E-01    0.978E+00    0.978E+00
 x,ynew(ii),yold(ii)=    0.100E+00    0.956E+00    0.956E+00
 x,ynew(ii),yold(ii)=    0.150E+00    0.934E+00    0.935E+00
 x,ynew(ii),yold(ii)=    0.200E+00    0.913E+00    0.914E+00
 x,ynew(ii),yold(ii)=    0.250E+00    0.893E+00    0.894E+00
 x,ynew(ii),yold(ii)=    0.300E+00    0.874E+00    0.874E+00
 x,ynew(ii),yold(ii)=    0.350E+00    0.855E+00    0.855E+00
 x,ynew(ii),yold(ii)=    0.400E+00    0.837E+00    0.837E+00
 x,ynew(ii),yold(ii)=    0.450E+00    0.819E+00    0.819E+00
 x,ynew(ii),yold(ii)=    0.500E+00    0.802E+00    0.802E+00
 x,ynew(ii),yold(ii)=    0.550E+00    0.785E+00    0.785E+00
 x,ynew(ii),yold(ii)=    0.600E+00    0.769E+00    0.769E+00
 x,ynew(ii),yold(ii)=    0.650E+00    0.753E+00    0.753E+00
 x,ynew(ii),yold(ii)=    0.700E+00    0.738E+00    0.738E+00
 x,ynew(ii),yold(ii)=    0.750E+00    0.723E+00    0.723E+00
 x,ynew(ii),yold(ii)=    0.800E+00    0.709E+00    0.709E+00
 x,ynew(ii),yold(ii)=    0.850E+00    0.695E+00    0.695E+00
 x,ynew(ii),yold(ii)=    0.900E+00    0.681E+00    0.682E+00
 x,ynew(ii),yold(ii)=    0.950E+00    0.668E+00    0.668E+00
 x,ynew(ii),yold(ii)=    0.100E+01    0.655E+00    0.656E+00
  lambda ,sum2/sum1 =    0.12366E+01    0.99812E+00
Figure 2 shows the corresponding characteristic function.
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Figure 2.

 
c problem 100 , page 331 hildebrand eigenvalues of  fredholm integral
      real length ,lambda ,lambdai, lambdaf
      dimension yold(0:200) ,ynew(0:200)
      data length ,nstep ,iL ,iter/1.,100,1, 10/
      pi=2.*asin(1.)
c eigenvalues lambda= (n*pi/length)**2
      print*,'lambda1,lambda2=',pi**2 ,4.*pi**2
      print*,'   '
      lambdai= 0.12366E+01
      lambdaf=1.30
      lambda=lambdai
      dlam=(lambdaf-lambdai)/float(iL+1)
      dx=length/float(nstep)
      do 50 jL=1,iL
      do 10 i=0,nstep
      x=dx*float(i)
c tial function for first lambda
      yold(i)=1.+ x
c  the characteristic function for the  second lambda must include an
c interior node
c      yold(i)=x*(length/2.-x)*(length-x)
10    continue
c do 20 iterates the integral equation
      do 20 j=1,iter
      call aiter(yold,ynew,dx,nstep,length,lambda)
      if(j.eq.iter-1) call anorm(yold,nstep,dx,sum1)
      if(j.eq.iter) call anorm(yold,nstep,dx,sum2)
c prints ynew ....
      do 30 ii=0,nstep,5
      x=dx*float(ii)
      print 100,x, ynew(ii), yold(ii)
30    continue
      do 40 in=0,nstep
      yold(in)=ynew(in)
40    continue
      print*,'  '
20    continue
      print 115, lambda ,sum2/sum1
      lambda=lambda+dlam
50    continue
100   format(1x,'x,ynew(ii),yold(ii)=',3(3x,e10.3))
115   format(1x,' lambda ,sum2/sum1 =',2(3x,e12.5))
      stop
      end
      subroutine aiter(yold,ynew,dx,nstep,length,lambda)
      real length ,lambda
      dimension yold(0:200) ,ynew(0:200)
      do 10 i=0,nstep
c initial yold(0)=0. is kept fixed
c      ynew(0)=0.
c      do 10 i=1,nstep
      x=dx*float(i)
      sum=0.
      do 20 ichi=1,nstep
      chi=dx*float(ichi)
      sum=sum+lambda*(dx/2.)*(akernel(x,chi,length)*yold(ichi)+
     $ akernel(x,chi-dx,length)*yold(ichi-1) )
20    continue
      ynew(i)= (1./yold(0))*(sum+yold(i))/2.
10    continue
c      print*,'ynew(0),ynew(nstep)=',ynew(0),ynew(nstep)
      return
      end
      function akernel(x,chi,length)
      real length
      akernel=exp(-x*chi)
      return
      end
      subroutine anorm(f,nstep,dx,sum)
      dimension f(0:200)
      sum=0.
      do 10 i=1,nstep
      sum=sum+(dx/2.)*(f(i)**2+f(i-1)**2)
10    continue
      return
      end
 
 
